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ABSTRACT

A global model of the cardiac muscle cell is formulated, integrating the electrical and chemical dynamical aspects of 
the different components in the cytosol, the sarcoplasmic reticulum, and the cellular membrane (L-channels, Ryanodine 
channels, SERCA-pump, ATP-pump, Na+-Ca2+-exchanger, myofibrilles). The model is based on the idealization of the cell 
as a two-interconnected-stirred-tank-reactor system. It produces the expected time responses of the excitation-contraction 
(E-C) coupling, i.e. the oscillatory-bell-shaped curve in calcium dynamics and the characteristic plateau phase in mem-
brane potential. Validations of the model with experimental data show that it can be adapted to represent cells of different 
species. Using  sensitivity analysis, the phenomenological structure of the model allows the identification of the cellular 
sub-systems that are related to specific or altered dynamics, and hence the applications of the model in experiment design, 
drug-effect analysis and cardiac-pathology treatment.

Keywords: Cardiac modeling, Cardiac cell, E-C coupling, Calcium dynamics, Cellular simulation.

SIMULACIÓN DE LA CÉLULA CARDIACA.
Part I: UN MODELO ELECTRO-QUÍMICO

RESUMEN

En este trabajo, se formula un modelo matemático integral de la célula del músculo cardíaco que toma en cuenta los fenó-
menos químicos y eléctricos que ocurren en las diversas estructuras que componen los diferentes elementos celulares: el 
retículo sarcoplásmico (canales de Rianodina, bomba SERCA), la membrana celular (canales L, bomba ATPasa, intercam-
biador Na+-Ca2+) y citosol (miofibrillas). El modelo está basado en la interpretación de la célula como dos tanques agitados 
e interconectados donde ocurren reacciones químicas (“two-interconnected-stirred-tank-reactor system”). Este modelo re-
produce la duración del proceso de excitación-contracción (“E-C coupling”) esperado, así como las formas características 
para la curva de la dinámica de calcio (campana asimétrica) y para la curva del potencial de membrana (potencial en forma 
de meseta). El proceso de validación con datos experimentales mostró que el modelo puede adaptarse para representar el 
comportamiento de células de diferentes especies de animales. Se realizó un análisis de sensibilidad que mostró que la 
estructura fenomenológica del modelo permite identificar el comportamiento de los diferentes elementos de la célula y 
relacionarlos de manera específica con dinámicas alteradas. Esto habilita al modelo para utilizarlo como herramienta en el 
diseño de protocolos experimentales, análisis de efectos de fármacos y formulación de tratamientos para cardiopatías.

Palabras clave: Modelado cardiaco, Célula cardiaca, Contracción-relajación, Dinámica de calcio, Simulación celular.



INTRODUCTION

Virtually all forms of heart disease are caused by loss or an 
inadequate functioning of cardiac muscle cells (cardiom-
yocytes). Cardiomyocytes are the base of the pumping 
(contraction-relaxation) movement (Stern, 1992). It is wi-
dely accepted that two interdependent aspects modulate the 
excitation-contraction and relaxation of the cardiac muscle 
cell (E-C coupling process; Tseg, 1988), namely, the cyclic 
changes in the cell membrane potential, and the variations 
in calcium concentration, due to the transport of the cal-
cium and other ions through the cardiomyocyte membranes 
(Bray et al. 1994; Guyton, 1997). 

In order to develop appropriate strategies for pharmacolo-
gical therapy in heart diseases, the mechanisms underlying 
the E-C coupling process must be well understood.  A lar-
ge number of “in vitro” and “in vivo” experiments, mostly 
qualitatively focused, are routinely carried out in biological 
research to study the role of several sub-cellular elements 
(Gavaghan et al. 2006). As a consequence, the development 
of new drugs or treatments consumes large amounts of re-
sources and has not yet produced a complete understanding 
of the cellular system.

As an alternative, a mathematical model of the cell is an 
excellent tool to obtain better understanding of the E-C 
coupling process. It also allows the substitution of an im-
portant part of laboratory experiments by “in silico” experi-
ments or simulations. A model can be used to design expe-
rimental protocols or test new ones, to reduce experimental 
variations, to design alternative experiments and to discard 
“a priori” non-desirable drug effects.

When the model is based on physical and biochemical 
laws, it also helps us to understand the role of the different 
cellular elements in alternative dynamic responses of the 
cell. Furthermore, the model can be adapted (by parame-
tric identification; Söderström & Stoica, 1989) to different 
kinds of cells using specific sets of experimental data. Spe-
cial identification techniques allow not only the embedding 
of experimental data into the model but also the embedding 
of expert knowledge.

The first models of the cardiac muscle cell were devoted to 
the description of the membrane potential (electrical mo-
dels) due to the availability of patch clamp techniques allo-
wing the measurement of ionic currents (Sakmann & Neher, 
1995). The development of fluorescents methods helped to 
obtain specific information about calcium signalling (Bray 
et al. 1994), and was the reason why calcium homeostasis 
models (chemical models) were developed afterwards. 

However, cardiac models have often been focused on only 
one aspect: the calcium dynamic or the electrical aspect, 
in spite of the evident relationship of the two phenomena. 
Therefore electrical formalism and empirical relations sepa-
rately are insufficient to represent a complete E-C coupling 
process. 

Among the electrical models, models based on the works of 
Luo & Rudy (1994) and Noble (2002) can be found, among 
others  (Winslow et al. 1999; Jafri et al. 1998; Fox et al. 
2001; Tusscher & Panfilov, 2006; Iribe et al. 2006). They 
contain a complete description of the electrophysiological 
aspects of the cell along with some empirical blocks, and 
the results have been validated using patch clamp techni-
ques. Some of these models are packaged in the commer-
cial tool CardioPrism® for the pharmacological industry 
(Zenglan, 2001). Generally, they reproduce typical mem-
brane potential, but give a very fast calcium dynamic cycle 
(300-400 ms) which does not agree with the cardiomyocyte 
normal behavior.
 
Calcium dynamics models of the cardiomyocyte have been 
developed in two ways. One based on a complete descrip-
tion of the chemical activities of the cellular elements, 
without voltage dependencies (Tang & Othmer, 1994; Ha-
mam et al. 2000; Rocaries et al. 2004) and the other based 
on space variations in the cardiomyocyte, without the use 
of detailed chemical descriptions (Michailova et al. 2002). 
In any case, these models do not provide a prediction of 
the membrane potential and its interdependence with the 
calcium homeostasis.

The model presented in this paper contains a complete 
description of the cardiomyocyte, both calcium dynamics 
and electrical phenomena. It is based on the analysis of the 
cardiac muscle cell as a system of two interconnected con-
tinuous-stirred tank chemical reactors, and it accounts for 
the different mass transport mechanisms, the electrical phe-
nomena and the chemical kinetics of the reactions taking 
place. 

Along with the detailed description of the calcium dyna-
mics and electrical phenomena related to the different ce-
llular elements, some empirical structures are introduced in 
the model where dynamics are not completely understood. 
These elements will be finally tuned when adjusting the 
model to expert or experimental data. This “hybrid” for-
mulation allows a certain compromise between precision 
and complexity of the model, and also helps to adapt it to 
different conditions.

In the following sections a formulation of the physical mo-
del proposed and the corresponding mathematical model 
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of the cardiac muscle cell are presented. Some simulations 
results allow the comparison of the model with previous 
ones. Validations with experimental data, after adapting the 
model to different species, are also included. 

PHYSICAL MODEL

In order to express the interdependence between the elec-
trical and the calcium dynamics, the cellular system is in-
terpreted from a process-engineering point of view. Process 
systems (sub-systems) are defined to describe mass and 
energy transfer that occur in the boundaries between these 
sub-systems and the external space. Hence, the cell is repre-
sented as a system of two interconnected micro-chemical-
reactors, namely the cytosol (or main reactor) and the sar-
coplasmic reticulum (SR tank), as shown in  Figure 1. The 
different transfer processes take place between these two 
sub-systems, and between them and the external medium, 
by means of different valves (L-channels and R-channels) 
and pumps (SERCA, sarcolemma pump and Na+-Ca2+ ex-
changer). They are modeled using the principles of mass 
transfer, fluid-dynamics and the chemical kinetics of the 
reactions taking place in the system. In addition, the main 
reactor wall is electrically charged and its potential also 
modulates many of the chemical reactions involved.

Figure 1. The cell as a system of interconnected reactors.

In order to formulate the mathematical equations of the mo-
del, it is assumed that:

-The cytosol and the sarcoplasmic reticulum are cylinders 
in spite of the particular distribution of the sarcoplasmic 
reticulum within a normal cardiomyocyte (Bray et al. 
1994; Jafri et al. 1998; Fox et al. 2001). 

-All chemical reactions occur in liquid phase (Tseng, 1988).

-Both tanks operate at constant volume, being the SR sma-
ller than the cytosol. Volumes have been computed in 
previous works (Stern, 1992).

-The ionic concentrations are homogeneous throughout the 
cell, that is, there are not spatial concentration variations 
due to the very small size of the cardiomyocyte.

-There are no temperature gradients, therefore energy varia-
tions are neglected (Stern, 1992; Kargacin & Kargacin, 
1997).

-The external membrane (sarcolemma) and the sarcoplas-
mic reticulum have the same transfer area.

-Extra-cellular concentrations of the different ions are cons-
tant (Stern, 1992). 

-Variations in intracellular concentration of sodium and po-
tassium ions are considered insignificant.

-Significant changes in voltage occur only in the cellular 
membrane or sarcolemma. 

-An external pulse voltage signal triggers the depolarization 
of the sarcolemma and the calcium homeostasis.

-Calcium concentration and membrane potential are the 
principal actuators of the E-C coupling process. 

MATHEMATICAL MODEL

The mathematical description of the system is based on the 
formulation of typical balance equations: mass balances 
both in the cytosol reactor and in the SR tank and a charge 
balance in the reactor wall.

Fundamental dynamic equations

Mass balance of calcium ion in the main reactor (cytosol):
Mass balances on other ions (potassium and sodium) are 

dt
Vcyt.

dCai
2+

=

= FDLC + FDRC - FQENa-Ca +
- FQSERCA - FQSarcolema +
- Vcyt .SrR(V, Cai

2+, ki)i +
+ Vcyt .SrG(V, Cai

2+, ki)i                  (1)

Mass balance of calcium ion in the SR tank:

dt
VSR  .

dCaSR
2+

= FQSERCA - FDRC                        (2)
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not considered because of their faster dynamic response in 
relation to the calcium, as assumed above.

▪Charge balance in the main reactor wall:

Several ionic currents are produced because the ions tend to 
move from a region of high concentration to a region of low 
concentration, through the sarcolemma. Then the membra-
ne can be seen as a conductor of electricity (ionic transport) 
with a conductance that may vary with changes in mem-
brane potential (related to the opening of the membrane 
channels that allow the ionic transfer). Hence, the cellular 
membrane is an electrical circuit with resistance, capacitan-
ce, and charge or current (as in a battery). Current passes 
through the membrane either by charging the membrane 
capacity or by movement of ions through the ionic gates 
in parallel with the capacity. Thus there are mainly four io-
nic currents present in the cardiac muscle cell membrane: 
sodium current (Isodium), calcium current (Icalcium), potassium 
current (Ipotassium) and ionic-pumps current (Iionicpumps). The 
equation representing this electrical phenomena is:
where:

Istim is the stimulus that triggers the membrane potential 
(square wave pulse).

Auxiliary equations

▪Diffusive flows: 

Diffusive flows are produced by molecular transfer bet-
ween regions of high and low ionic concentrations across 
the L-type channels (in the sarcolemma) and the Ryanodine 
channels or R-channels (in the SR membrane). Mathema-
tical descriptions of these flows are obtained using Fick’s 
law (Treybal, 1996), modulated by the fraction P of open 
channels:

The activation of the protein that constitutes a channel, na-
mely the conversion of the chemical reactions that changes 
the configuration of the protein to allow its opening may 
depend on the concentration of the present ions and on the 
membrane potential. Mass balances for the different transi-
tion states in the mechanisms of these reactions lead to the 
computation of the fraction P of open channels. 

Ryanodine channels. According to Tang & Othmer (1994), 
the R-channels present four possible states: 

• Activable (R): receptor empty.

• Open (RC+): receptor with Ca2+ only on the positive site. 

• Closed (RC+C-): receptor with Ca2+ on both positive and 
negative sites.

• Refractory (RC-): receptor with Ca2+ on the negative site 
only.

▪The normalized variables are:

S(Isodium + Ipotassium + Icalcium + Iionicpumps + Istim ) (3)

lJA = - DAC . P . CAi
 _ CA0

(4)

1x
R
R

T

= (5)

(6)
RT

= x2

RC+

(7)RT
= x3

RC+C -

(8)
RT

= x4

RC -

(9) x4 = 1 - x1 - x2 - x3

L-channels. Typically L-channels behavior is modeled 
using Hodgkin and Huxley theory (1952). Only three states 
of the channels are assumed, where the fraction d corres-

▪The mass balances related to each transition state are:

dt = l-1 
. x2 + l-2 

.(1-x1-x2-x3) - (l1+l2) .x1
.Cai

2+
dx1 (10)

dt = -l-1 
. x2 + l-2 

.x3+(l1
.x1- l2

.x2) .Cai
2+

dx2 (11)

dt = -(l-2 + l-1) 
.x3+(l2

.x2+ l1
.(1-x1-x2-x3)) .Cai

2+
dx3 (12)

▪Finally, the diffusive flow through the R-channels can be 
computed as:

(13)FDRC = DCa2+ 
.x2

.
l

CaSR- Cai
2+

.Atransf

where:

x2 is the fraction of open channels.
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ponds to the open channels among the totality of channels 
in active state. The transformation rate that describes the 
behavior of fraction d is a simplified function of two para-
meters d00 and td , which are empirically adjusted using data 
from voltage-clamp experiments (Destexhe & Huguenard, 
2000), and is obtained as:

dt =
dd

▪ Chemical flows:

These flows are a result of the activity of the proteins called 
SERCA pump, sarcolemma pump and Na+-Ca2+ exchanger, 
and are a function of the transport rate of each protein. This 
rate (reaction rate) is defined by the mechanisms of the 
chemical reactions involved in the calcium transfer. These 
processes are different from the transport through the R-
channels and the L-channels since they occur against the 
concentration gradient.

SERCA pump. Using the simplification introduced by Tang 
& Othmer (1994); Hamam et al. (2000), that proposes a 
reaction mechanism of the Michaelis-Menten type (Mi-
chaelis & Menten, 1913), the reaction rate of the SERCA 
pump can be obtained as:

(14)td

d

(15)
l

Ca0
2+- Cai

2+

.Atransf

- d00

The diffusive flow due to the activity of the L-channels is 
given by:

FDLC = DCa2+
 .d .

Sarcolemma pump. Is similar to the SERCA pump (Ma-
clennan & Kranias, 2003), but its transport velocity is 90% 
slower (Negretti et al. 1995). Therefore the model by Tang 
& Othmer (1994) can be used changing the parameters as 
follows:

(16)
p1

.(Cai
2+)2

.VcytFQSERCA = 
p2

2+(Cai
2+)2

(17)
q1

.(Cai
2+)2

.VcytFQSarcolemma = 
q2

2+(Cai
2+)2

where:

q1: 0.1 times p1.

q2: 0.1 times p2.

Na+-Ca2+ exchanger: The kinetic mechanisms involved in 
the calcium flow induced by the Na+-Ca2+ exchanger enzy-
me are not well understood, being the model by Michailova 
et al. (2002) the better alternative:

where:

the variable Vmax is a discontinuous function of the voltage. 
To avoid problems in the numerical integration, a sigmoi-
dal-type function is proposed to describe Vmax, as  follows: 

▪Chemical reactions:

Calcium ions are produced or consumed by chemical reac-
tions in the cytosol due to the activity of the myofibrils and 
the R-channels.

The myofibrils react with the calcium to produce their con-
traction-relaxation movement. This chemical activity has 
been described with a buffer-type mechanism as in Jafri and 
co-workers (1998), Fox et al. (2001) and Peskoff & Langer 
(1998). Hence the rates of generation (rGMiof) and removal 
(rRMiof) of calcium in the cytosol are given by:

(18)
Kn

m+(Cai
2+)n

.FQENa-Ca= 
(Cai

2+)n

K . 1

1+ exp




Vmax

_V


 .Vcyt

Vmax= K . 1

1+ exp




Vmax

_V


 (19)

(20)rGMiof = kd2
 . CaM

(21)rRMiof = kd1
 . Cai

2+ .M
The dynamical variations in the concentrations of myofi-
brils M and transition molecule CaM, must also be descri-
bed in the model. The corresponding mass balances are:

dt
dM = - kd1

.M .Cai
2+ + kd2

.CaM (22)

dt
dCaM = kd1

.M .Cai
2+ - kd2

.CaM (23)

Finally, the total terms of calcium generation and remo-
val in equation (1) are given by the following expressions, 
where the contributions of the activity of the R-channels 
have already been added:

SrG(V,Cai
2+,ki )i =

= kd2
.CaM + l-1 

.x2
.RT+

(24)

l-2 
.x3

.RT+ l-1
.x3

.RT+

+ l-2 
.(1 - x1 - x2 - x3 ).RT

SrR(V,Cai
2+,ki )i =

= kd1
.Cai

2+.M + l1 
.x1

.Cai
2+.RT+

(25)

l-2 
.x3

.RT+ l-1
.x3

.RT+

+ l-2 
.(1 - x1 - x2 - x3 ).RT
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▪Ionic currents in the sarcolemma:

The descriptions of the currents generated through the exter-
nal wall of the cytosol (sarcolemma), namely,  the sodium, 
potassium, calcium and ionic-pumps currents, are taken 
from the work by Fox et al. (2001), where the mathemati-
cal formulations are based on Ohm’s law and Nerst-Plank’s  
equation. We have used this work because their model im-
proves the description of the electrical currents for the ven-
tricular canine myocyte from the Luo and Rudy model, by 
means of the application of relatively simple mathematical 
equations that guarantee the obtaining of numerical rapid 
and stable solutions, quite unlike the model developed by 
Jafri et al. (1998).

Na+ current: The activity of the sodium channels generates 
two kinds of sodium currents: INa that contributes to the fast 
depolarization of the sarcolemma (Bray et al. 1994; Jafri et 
al. 1998; Fox et al. 2001); INab that is a small background 
current that contributes to action potential prolongation 
(Luo & Rudy, 1994):

(26)INa = GNa
 . m3 .h. j . (V - ENa)

(27)INab = GNa
 . (V - ENa)

K+-currents: Different fractions of the potassium channels 
produce different types of electric currents in the sarcolem-
ma (Fox et al. 2001). The main potassium current is con-
trolled by time-dependent and time-independent activation 
gates (Luo & Rudy, 1994), and is also well known as “the 
delayed rectifier potassium current”. It is usually divided 
into two distinct currents IKr and IKs, which are distinguished 
by their kinetics (Winslow et al. 1999), and can be modeled 
(Luo & Rudy, 1994) as:

(28)IKr = GKr
 . KR

 .KXKr
.            (V - EK)

K0
+

4

(29)IKs = GKs
 .KXKs

.(V - EKs )
2

A background current (IK1) is also present, over a wide ran-
ge of potentials, and shows little time-dependence. It helps 
to maintain the resting potential of the cell and can be des-
cribed as:

(30)IK1 = GKs
 .K

1  
.(V - EK )

00

The transient outward current Ito , is voltage and time de-
pendent and is responsible of the fast early re-polarization 
phase of the action potential:

(31)Ito = Gto
 .KXto  

.KYto 
.(V - EK )

Finally, the plateau current (IKp) is the potassium  contribu-
tion to plateau potential:

(32)IKp = GKp
 .KKp 

.(V - EK )

Ca2+ currents: Three types of ionic currents are produced 
by the activity of the L-channels: ICa, ICaK and ICab , with the 
following mathematical descriptions (Luo & Rudy, 1994; 
Jafri et al. 1998; Fox et al. 2001):

(33)ICa = ICa
 .f

 
.d .fCa

(35)ICab = GCab
 .(V - ECa )

(34)

Ionic pump currents: The Na+-Ca2+ exchanger, the Na+-K+ 
pump and the sarcolemma pump are located in the sarcole-
mma and their activity may modify the membrane poten-
tial. In fact these cellular elements are considered electro-
genic (Luo & Rudy, 1994). Therefore three time-dependent 
currents are modelled: INaK (Na+-K+ pump), INaCa (Na+-Ca2+ 
exchanger), and IpCa (Sarcolemma pump):

Csc

PCaK 1000 .V .F 
2

ICaK = . f
 
.d .fCa

1+ ICahalf

ICa

.
R .T

2 .V .F Ki
2+ . exp

R .T - K0
+









2 .V .F exp
R .T - 1









INaK = 

INaK  . fNaK  .
1 +

KmNai

Nai
+







 1.5
1

 . K0
+ + KmKo

K0
+

(36)

INaCa = 

 .
K 3

mNa
 +(Na0

+)3

kNaCa

V .F 
.h exp

R .T
.(Nai

+)3.Ca0
2+-









V .F 
.(h-1) exp

R .T
.(Na0

+)3.Cai
2+









K mCa
 + Ca0

2+
.

(37)

1

1 + ksat 
. V .F 

.(h-1) exp
R .T 







IpCa = IpCa 
. Cai

2+

K mpCa
 + Cai

2+ (38)
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GLOBAL STATE SPACE MODEL

The equations for the mass balances and main current are 
finally:

dt
dCaSR

2+

=









l
CaSR

2+ - Cai
2+

- DCa2+ 
. x2 

. .
Vcyt

Atransf +

p1
.(Cai

2+)
2

p2
2 +(Cai

2+)2

.
VSR

Vcyt

(35)

(39)

Equations (39) to (41) allow the description of three output 
variables of the system: Cai

2+, CaSR
2+ and V. The total for-

mulation contains eighteen non-linear first order differen-
tial equations, since the integration of fifteen additional 
state-variables, namely d, x1, x2, x3, M, CaM, m, h, j, KXto

, 
KYto

, KXKr
, KXKs

, f and fCa is needed to solve the model. A 
first set of numerical values for the parameters is compiled, 
using data from different bibliographical sources, as shown 
in Table 1.

dt
dCai

2+

=

l
Ca0

2+ - Cai
2+

DCa2+ 
. d 

. .
Vcyt

Atransf +

l
CaSR

2+ - Cai
2+

DCa2+ 
. x2 

. .
Vcyt

Atransf -

K . 1

1 + exp
-V

Vmax 





 .
Km

n + (Cai
2+)n

(Cai
2+)n

- (40)

p1
.(Cai

2+)2

p2
2 .(Cai

2+)2 -
q1

.(Cai
2+)2

q2
2 .(Cai

2+)2 +

kd2 .CaM + l-1 . x2
 . RT

 + l-1
 . x3

 . RT
 +

l-2 .(1- x1 - x2 - x3 ) . RT
 + l-2

 . x3
 . RT

 -

kd1 .Cai
2+ .M - l-1 . x1

 . Cai
2+ . RT

 -

l2 . x2 
.Cai

2+ .RT
 - l2

 . x1
 .Cai

2+ . RT
 -

- l1 .(1- x1 - x2 - x3 ) .Cai
2+ . RT

 

(41)
dt
dV

= C
1

-








INa + INab + IKr + IKs+ IK1

 + Ito +

IKp + ICa + ICaK + ICab+ INaK
 +

INaCa + IpCa + Istim

SIMULATION

The initial conditions for the solution of the model are 
summarized in table 2.

Table 2. Initial Conditions.
Variable VariableValue Value

t (s) d0 0.0001

Cai
2+ (μM) m0.14 2.4676E-4

CaSR
2+ (μM) h500 0.99869

M (μM) j70 0.99887
CaM (μM) KXKr

0 0.229
x1 KXKs

0.691 0.0001
x2 KXto 

0.192 3.742E-5
x3 KYto 

0.0254 1

f 0.983

V (mV) fCa- 94.7 0.942
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Table 1. Parameters of the model.
Parameter ParameterValue Value

Atransf PCa
1.58E-12 m2 226E-5 cm ms-1

Vcyt PCaK
1.6E-14 m3 5.79E-5 cm ms-1

VSR INaK max
1.12E-15 m3 0.693 μA μF-1

l ICahalf
0.003E-6 m -0.265 μA μF-1

q1 IpCa max
19 µMs-1 0.05 μA μF-1

q2 h0.06 µM 0.35

K ksat
150.3 µMs-1 0.2

Km kNaCa1 µM 1500 μA μF-1

n KmCa1 87.5 mM

kd1 KmCa39 µM-1s-1 1380 μM

kd2 KmNai20 s-1 10 mM

l1 KmKo
15 µM-1s-1 1.5 mM

l2 KmpCa
0.8 µM-1s-1 0.05 μM

l-1 Km f Ca
7.6 s-1 0.18 μM

l-2 Na0
+0.84 s-1 138 mM

p1 K0
+1038 µMs-1 4 mM

GNa Nai
+12.8 mS µF-1 10 mM

GK1 Ki
+2.8 mS µF-1 149.4 mM

GKr RT
0.0136 mS µF-1 0.693 μA μF-1

GKs Csc
0.003E-6 m -0.265 μA μF-1

GKp DCa2+19 µMs-1 0.05 μA μF-1

Gto F0.06 µM 0.35

GNab R150.3 µMs-1 0.2

GCab T1 µM 310 K

p2 Ca0
2+0.12 µM 2000 µM



The solver

The equations of the model are integrated with Simulink 
of Matlab (v6.5), using a variable-step numerical solver 
based on the algorithm by Klopfenstein (1971). This method 
is relatively fast and accurate, and allows the modification 
of the relative error tolerance and absolute error tolerance 
values (Shampine & Reichelt, 1997). The equipment used 
is a Pentium III 900MHz, 256MB RAM computer. The 
program takes 5 minutes to reproduce 40 minutes of cell 
cycles.

The validation procedure 

The heuristic tuning of the model parameters allows an initial 
validation of a general model of the cardiac muscle cell, based 
on expert knowledge or typical experimental values for the 
dynamics of the output variables (Cai

2+ and V). Specifically, 
validations are focused on:

Curb shapes: cyclic, with a plateau phase for V, and bell-
shaped for Cai

2+.
Time periods: oscillation period for V(tvoltage) in the range 
200-400 ms (Tseng, 1998), and oscillation period for Cai

2+, 
(tcalcium) in the range 800-1000 ms (Lecarpentier et al. 1996). 
Durations of the excitation and relaxation phases (texctcalcium 
and trelaxcalcium) of the calcium dynamic are also important, and 
frequently reported.
Maximum calcium gradient calciumD : oscillating between 0.8 
and 1.1 μM (Lecarpentier et al. 1996).

The experimental data

Experimental data for validation is obtained from the 
literature and also from laboratory experiments.

Bibliographic sources
 
• Voltage V and current ICa for dog cardiomyocytes from 
the works of Winslow & Greenstein (2002); and for rabbit 
cardiomyocytes from the works of LI et al. (2002).
• Variable Cai

2+ for human cardiomyocytes from Piacentino 
et al. (2003); and for dog cardiomyocytes from Winslow et 
al. (1999).
 
Laboratory data 

An important amount of experimental data on Cai
2+ in 

chicken cardiomyocytes has been collected at the Research 
Laboratory Unit 99 of the INSERM (Paris), based on 
quantitative calcium fluorescence. Detailed descriptions of 
the experimental protocols can be found in Hamam et al. 
(2000).

RESULTS AND COMPARISONS WITH PREVIOUS 
MODELS

It is interesting to remark that the model equations, and 
therefore the different sets of parameters, are associated with 
the different cellular elements. This type of information is 
summarized in Figure 2, where the different correspondences 
can be seen: Ryanodine channels to kinetic constants l1,l-1, l2 
and l-2; SERCA pump to parameters p1 and p2; sarcolemma 
ATP-pump to parameters q1 and q2; Na+-Ca2+ exchanger to 
parameters K, Km, and n;  myofibrilles activity to parameters 
kd1 and kd2; and L-channels to kinetic constants doo and td.

Figure 2. Cellular elements
and corresponding model parameters.

With the aid of these relationships it is easy to accomplish 
the tuning of some parameters to make adjustments in the 
output responses of the model. Typical simulation results 
obtained after an initial parametric adjustment of the model 
(Table 3) are shown in Figures 3 and 4. The bell shaped 
curve for calcium dynamic and the plateau phase in voltage 
oscillations are observed as expected (Lecarpentier et al. 
1996; Fabiato, 1985), with numerical values of calciumD̂
=0.79 μM , calciumt̂ = 1 s and voltaget̂ =0.35 s which are 
similar to those reported in several bibliographic sources: 

calciumD = 0.9 μM and calciumt =1 s (Berridge et al. 2003) and 
voltaget =0.4 s (Stern, 1992). The model is therefore able to 

represent a generalized mammal cardiomyocyte.

Table 3. Parameter tuning

Parameter Value
INaK 0.3465 µA µF-1

q1 0.19 µMs-1

K 120.24 µMs-1

DCa2+ 0.678E -11 m2s-1

p1 10.38 µMs-1

78



Figure 3 and 4 can also be used to compare the predictions 
of the proposed model to those obtained with the model by 
Tang & Othmer (1994) for calcium dynamic, and the model 
by Fox et al. (2001) for membrane potential. On one hand, 

Figure 3. Generalizad cardiomyocyte calcium dynamics.

Figure 4. Generalizad cardiomyocyte voltage dynamics.

Table 4. Comparison of simulation results

calciumt̂ calciumD̂

3.3 μMModel by Tang & 
Othmer (1994)

267

Value

e%

Value

e%

Value

e%

Value
e%

Model by Fox et 
al. (2001)

Proposed modelExperimental
Data

2 s

100

0.45 s

55

1 s

0

1 s
(Lecarpentier et al. 
1996; Fabiato 1985) 

1.1 μM

22

0.79 μM

12.22

0.9 μM
(Fabiato,

1985)

-

0.3 s

25

0.35 s

12.5

0.4 s
(Stern,
1992)

1 s

43

0.35 s

67

0.8 s

14.29

0.7 s
(Fabiato,

1985)

1 s

233

0.1 s

67

0.2 s

33

0.3 s 
Fabiato,
1985)

voltaget̂
^texctcalcium trelaxctcalcium

^

the asymmetric form of the calcium curve and the value of  
calciumD̂  are much more realistic than the results by Tang & 

Othmer (1994). Numerical results are reported on table 4.

79



On the other hand, the simulation of the membrane potential 
is very similar to the results of the model by Fox et al. 
(2001). Nevertheless, the latter produces a strange behavior 
when used to predict calcium dynamics (Figure 5), because 
it does not contain a detailed description of the calcium ion 
transport. In summary, the proposed model gives better 
results for prediction of the calcium dynamics, allowing the 
simultaneous simulation of the membrane potential with 
even better accuracy than the model by Fox et al. (2001).

VALIDATIONS FOR DIFFERENT SPECIES

The model is now validated using different sets of 
experimental data, corresponding to cardiac muscle cells 
of different species. Occasionally, modifications of selected 
parameters are needed to adjust the model.

Canine cardiac cells

Experimental observations on canine cardiomyocytes 
(Winslow et al. 1999; Winslow & Greenstein, 2002) show 
that calciumt =0.66 s, is substantially lower than the estimation 
of the generalized model ( calciumt̂ =1 s). 

The following coefficients are changed to obtain this 
behavior:

i. Period of the input voltage pulse is increased to: a =0.6 s.
ii. Maximum transport rate K of the Na+-Ca2+ exchanger is 

increased to K =1.6 µMs-1.

Figures 6 and 7 show the simulations of the calcium 
concentration and membrane potential dynamics obtained 

Figure 5. Generalizad cardiomyocyte calcium dynamics.

with the adjusted model, along with the experimental data. 
Numerical values of the main variables are reported on 
table 5 for comparison purposes.

Figure 6. Cai
2+ dynamics validation for canine cells.

Rabbit cardiac cells

Li et al. (2002) report experimental data on the variables V 
and ICa for rabbit cardiac cells without further adjustments 
on the generalized model, the simulations show satisfactory 
results, as can be seen on Figures 8 and 9.

Chicken cardiac cells

Some parametric changes are needed in this case, to obtain 
the slower calcium dynamics that chicken cardiomyocytes 
show (tcalcium=1.85 s), namely: 

i. Period of the input voltage pulse is increased to: a=1.8 s.

Figure 7. V dynamics validation for canine cells.
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ii. The diffusion coefficient DCa2+ is set to DCa2+ = 0.658e-11 
m2/s.

Simulation results for calcium dynamics are very similar 
to experimental data, as can be seen in Figure 10 and table 
5. Even if the membrane potential (Figure 11) cannot be 
validated due to the lack of voltage experimental data, it 

Figure 8. V dynamics validation for rabbit cells.

behaves as expected (in shape and duration:           =0.4 s. 
and voltaget̂ <  tcalcium).

Human cardiomyocytes

Few results on experiments with human cardiomyocytes 

voltaget̂

Table 5. Model validation for cells of different species.

tcalcium  (s)^

texctcalcium (s)

Canine
cells

Rabbit
cells

Chicken
cells

Human
cells

e% e% e% e%

0.66tcalcium (s)

texctcalcium (s)^

0.6

0.15

0.2

9.1

33.33

-

1

-

0.2

1.85

1.84

0.35

0.31

0.54

11.43

0.8

1

-

0.2

25

trelaxcalcium  (s)^

tvoltage (s)

0.41trelaxcalcium (s)

tvoltage (s)^

0.4

0.36

0.3

2.44

16.67

-

0.8

0.42

0.35

1.55

1.53

-

0.4

1.29

16.67

-

0.8

-

0.35

Dcalcium  (mM)^

DICa (mA)

0.6Dcalcium (mM)

DICa (mA)^

0.55

-3.5

-1.5

8.33

57.14

-

0.79

-0.75

-1.5

1

0.95

-

-1.7

5

100

0.8

0.79

-

-1.5

1.25

Figure 9. ICa dynamics validation for rabbit cells.

are available. Data from Piacentino et al. (2003), that pro-
duce average values of Dcalcium=0.8 μM, and from Zhang et 
al. (2003), that indicate tcalcium=0.8 s, are used here for vali-
dation (Figure 12).

Validations have been extended to the simulation of other 
variables, namely CaSR

2+, x2 and d. Even if experimental 
measurements of these variables are not available, the veri-
fication of the stability and the consistency of their behavior 
within the cell, helps to ensure the coherence of the model 
after the parametric adjustments.
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Figure 10. Cai
2+ dynamics validation for chicken cells.

Figure 11. V dynamics simulation for chicken cells.

Figure 12. Cai
2+ dynamics validation for human cells.

Figure 13. Sarcoplasmic reticulum. Simulation of  CaSR
2+.

Figure 13 shows stable oscillations for the calcium concen-
tration in the SR, CaSR

2+, with numerical values within the 
range from 60 μM  to 500 μM as expected. 

The dynamic behavior of the fraction of open Rianodine 
channels x2, presented in Figure 14, is consistent with other 
results (Tang & Othmer, 1994; Hamam et al. 2000; Roca-
ries et al. 2004), and also shows values in the correct range 
(0-1).

Figure 14. Rianodine channels. Simulation of x2.

Similarly, for the fraction of open L-channels, d, stable 
cycles are observed, that oscillate between 0 and 1 (Figure 
15). In all cases, d dynamics satisfactorily represents the 
sudden opening of the L-channels as a response to the ini-
tial voltage change, and their slow inactivation contributing 
to the plateau phase in the membrane potential. 
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Figure 15. L-channels. Simulation of variable d.

CONCLUSIONS

A global model of the cardiac muscle cell has been presen-
ted in this paper. It provides calcium dynamics and electri-
cal description of the cardiomyocyte, based on its interpre-
tation as a two interconnected chemical reactors system.

Simulation results show that the model predicts the well-
known cyclic behavior of the calcium concentration and 
the membrane potential of a cardiac muscle cell. Not only 
the shapes of the dynamic responses are accurate, but also 
the key numerical values are similar to experimental data 
(Table 5). 

The formulation of the physical model as an integrated sys-
tem of chemical reactors allows relating the calcium dyna-
mics and electrical aspects of the cell dynamics, which has 
not been completely and coherently done in the past. Effec-
tively, calcium and voltage predictions are more accurate 
than those obtained by previous models (Table 4).

Analyzing the summary of simulation results presented in 
Table 5, it can be said that a satisfactory validation of the 
model is achieved, except in very few situations. When pre-
diction errors go beyond 15%, the possibility of structural 
errors in the model must be considered. However, since the 
basic phenomenological structure of the model allows rela-
ting parameters with cellular elements (Figure 2), the des-
cription of the cellular element involved in a certain type of 
alteration in the simulations can be improved. 

Finally, a collateral result of the extensive validation pro-
cedures carried out in this paper, is an expert knowledge of 
the effects of different alterations in specific model compo-
nents. Complete results of this sensitivity analysis, allowing 

the identification of the cellular elements that determine di-
fferent kind of dynamic responses, will be presented in a 
companion paper. It is easy to foresee at this point the appli-
cations of the model to support pharmacological research 
for instance, because it can be used to study the effects of 
different drugs by determining which alterations in cellu-
lar elements produce certain pathological behaviors of the 
cell.
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NOMENCLATURE

Dcalcium   :  Maximum calcium gradient.

            : Maximum calcium gradient estimated by the 

model.

h: Correction factor for the Na+-Ca2+ exchanger current.

ℜ  : Ideal gas constant.

td : L-channel kinetic constant.

SrG(V, Cai
2+, ki)i  : Sum of generation rate of Ca2+ by che-

mical reactions. 

SrR(V, Cai
2+, ki)i  : Sum of removal rate of Ca2+ by chemi-

cal reactions. 

a : Period of input voltage pulse.

Atransf : Transfer area of (sarcolemma or sarcoplasmic reticu-

lum) membrane. 

C : Cell membrane capacitance.

Ca0
2+ : Extra-cellular calcium concentration.

Cai
2+ : Cytosol calcium concentration. 

CaSR
2+ : Sarcoplasmic reticulum calcium concentration.

CaM : Calcium-myofibril complex concentration.

Csc : Specific membrance capacity.

CAi,  CA0 : Concentration of component A inside and outside 

the membrane.

d :  Fraction of active channels among the open L-channels.
∞d  : L-channel kinetic constant.

DCa2+ : Diffusion coefficient of calcium into the cytosol.

DAC : Diffusion coefficient of component A into the cytosol.

ECa : Calcium equilibrium potential.

EK : Potassium equilibrium potential.

EKs : IKs equilibrium potential.

ENa : Sodium equilibrium potential.

f : Fraction of channels among the open L-channels inacti-

vated by voltage.

fCa : Fraction of channels among the open L-channels inac-

tivated by calcium.

fNaK : Voltage-dependent Na+-K+ pump current  factor.

F : Faraday constant.

FDLC : Diffusive flow of calcium through the L-channels.

FDRC : Diffusive flow of calcium through the R-channels.

FQENa-Ca : Flow of calcium through the Na+-Ca2+ exchanger.

FQSERCA : Flow of calcium through the SERCA pump.

FQSarcolema : Flow of calcium through the Sarcolemma 

pump.

CabG  : Peak calcium background current conductance.

1KG  : Peak inward rectifier potassium current conductan-

ce.

GKp : Peak plateau potassium current conductance.

GKr : Peak rapid component of the delayed rectifier 

potassium current conductance.

GKs : Peak slow component of the delayed rectifier 

potassium current conductance.

GNa : Peak sodium current conductance.

GNab : Peak sodium background current conductance.

Gto : Peak transient outward potassium current 

conductance.

h : Fraction of channels among the open sodium channels 

rapidly inactivated by voltage.

ICa : L calcium channels current.

ICa : Maximum L calcium channels current.

ICab : Calcium background current.

ICahalf : L calcium channels current level that reduces by 

one-half.

ICaK : Potassium current through the L calcium channels.

Icalcium : Calcium current.
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Iionicpumps : Ionic pumps currents.

IK1 : Inward rectifier potassium current.

IKp : Plateau potassium current.

IKr : Rapid component of the delayed rectifier potassium 

current.

IKs : Slow component of the delayed rectifier potassium 

current.

INa : Sodium channels current.

INab : Sodium background current.

INaCa : Na+-Ca2+ exchange current.

INaK : Na+-K+ pump current.

INaK : Maximum Na+-K+ pump current.

IpCa: Sarcolemma Ca2+ pump current.

IpCa : Maximum sarcolemmal calcium pump current.

Ipotassium : Potassium current.

Isodium : Sodium current.

Istim : Stimulus current that triggers the membrane potential 

(square wave pulse).

Ito : Transient outward potassium current.

j : Fraction of channels among the open sodium channels 

slowly inactivated by voltage.

JA : Diffusive flow of substance A.

kd1, kd2 :Myofibril reaction kinetic constants.

ki : Constants of kinetic reactions.

kNaCa : Scaling factor for Na+-Ca2+ exchanger current.

ksat : Saturation factor for Na+-Ca2+ exchanger current.

K : Na+-Ca2+ exchanger maximum rate.

K0
+ : Extra-cellular potassium concentration.
∞
1K  : Fraction of channels among the open potassium 

channels responsible of inward rectifier potassium 

current ( IK1 ).

Ki
+ : Intra-cellular potassium concentration.

KKp : Fraction of channels among the open potassium 

channels responsible of plateau potassium current ( ).

Km : Calcium half-saturation constant for Na+-Ca2+ exchan-

ger.

KmKo : Potassium half-saturation constant for Na+-K+ pump 

current.

KmNa : Sodium half-saturation constant for Na+-Ca2+ ex-

changer current.

KmNai : Sodium half-saturation constant for Na+-K+ pump 

current.

KmCa : Calcium half-saturation constant for Na+-Ca2+ ex-

changer current.

KmpCa : Half-saturation constant for sarcolemma calcium 

pump current.

KR : Fraction of channels among the open potassium 

channels instantly activated by voltage and responsible 

of rapid component of the delayed rectifier potassium 

current ( IKr ).

KXKr
 : Fraction of channels among the open potassium 

channels quickly activated by voltage and responsible 

of rapid component of the delayed rectifier potassium 

current ( IKr ).

KXKs
 : Fraction of channels among the open potassium 

channels slowly inhibited by voltage and responsible 

of slow component of the delayed rectifier potassium 

current ( IKs ).

KXto
 : Fraction of channels among the open potassium 

channels quickly activated by voltage and responsible 

of transient outward potassium current ( Ito ).

KYto
 : Fraction of channels among the open potassium 

channels slowly inhibited by voltage and responsible 

of transient outward potassium current ( Ito ).

l : cell membrane wide.

l1, l-1, l2, l-2 : Ryanodine-channels kinetic reactions cons-

tants (TANG and OTHMER, 1994).

m : Fraction of active channels among the open sodium 

channels.

M : Myofibrils concentration.

n : Saturation coefficient for Na+-Ca2+ exchanger ( n = 1 ).

Na0
+ : Extra-cellular sodium concentration.

Nai
+ : Intra-cellular sodium concentration.

p1 : SERCA pump maximum rate.

p2  : Threshold SERCA pump concentration.

P : Fraction of open channels.
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PCa : L calcium channels permeability to Ca2+.

PCaK : L calcium channels permeability to K+.

q1 : Sarcolemma pump maximum rate.

q2 : Threshold sarcolemma pump concentration.

rGMiof : Sum of generation rate of Ca2+ by myofibrils che-

mical reactions.

rRMiof : Sum of removal rate of Ca2+ by myofibrils chemical 

reactions.

RT : Ryanodine channels total concentration.

t : Time.

tvoltage : Duration of voltage cycle.

tvoltage : Duration of voltage cycle estimated by the model.

tcalcium : Duration of calcium cycle.

tcalcium : Duration of calcium cycle estimated by the model.

texctcalcium : Duration of excitation stage in calcium cycle. 

texctcalcium : Duration of excitation stage in calcium cycle 

estimated by the model.

trelaxcalcium : Duration of relaxation stage in calcium cycle.

trelaxcalcium : Duration of relaxation stage in calcium cycle 

estimated by the model.

T : Temperature.

V : Voltage.

Vcyt : Cytosol volume.

Vmax : Maximum voltage modulating the Na+-Ca2+ exchan-

ger kinetic reaction rate 

VSR : Sarcoplasmic reticulum volume.

x1  : Fraction of Ryanodine channels in the transition state 

R.

x2 : Fraction of Ryanodine channels in the transition state 

RC+ (open channel).

x3 : Fraction of Ryanodine channels in the transition state 

RC+C-.

x4 : Fraction of Ryanodine channels in the transition state 

RC-.

^

^

^

^
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