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| This paper presents an elementary derivation for the nth moment of magnetic resonance linear response lineshape
using sumn rules for two time retarded Green’s functions. The results can be particularized tc the high-temperature regime
where van Vieck’s well-known relations are obtained.

1. Introduction

The purpose of this paper is to present a general derivation of the moments of magnetic resonance absorption
lines in systerns where the assumptions of linear response theory (LRT) apply. That is, our discussion shall be
limited to cases where, as in most experiments, saturation effects can be neglected. It is our purpose to demon-
«trate that the moments can readily be calculated theoretically, using the sum rules of two time retarded Green’s
functions [1]. ' |

In section 2 we introduce the formalism of (LRT) applied to the calculation of magnetic resonance absorption
lines. In this context, we introduce the two time retarded Green’s functions and their relation to the lineshape
and expressions for the moments of the lines are derived. The main advantage of the present formalism is that it
~allows to obtain in a straightforward manner general expressions for moments of arbitrary order which hold at
all temperatures. In section 3 the general nth moment relations are particularized in the high temperature limit
together with the “rigid lattice” assumption, so as to obtain the well-known van Vleck’s formulas |2} of common

 use in magnetic resonance.

2. The linear response formalism

We shall summarize briefly some of the results of the linear response theory which are appropriate to our dis-
cussion. Let H be the total system Hamiltonian defined as

H =Hy +Hg + Hg, ' (1)

where [y, Hg,Hp are respectively the Zeeman, spin interaction and lattice Hamiltonians. We shall consider the

!

response of this system to the adiabatic turning on of a periodic perturbation: | .
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H! = —M-H(1) =Re [H! explet — iwd)], e—0%, Hi=—_M-H. - )

where H(¢) is the external may ietic rf field with H as its time independent part. A/ represents the operator of the
total magnetic moment of the system. As discussed elsewhere [1] the energy absorption in the system, under the

influence of the perturbation H} and averaged over a period, is determined by the two time retarded Green’s
function of the perturbation: '

dE/dt = —5dmCHT* 1LY, . ' (3)
Here (4 1B ), is the Fourier transform of the two time Green’s function defined as: ' _
CAWDB(EY = ~(i/m)8(t ~ "X [A®), BED)] Yy, o @)

where the brackets (...2q stand for an average over an equilibrium ensemble and 0(r) represents the step function.
- In many of the experiments where the moment formalism is applied the main contribution of the magnetic
resonance absorption line lay in a frequency interval around the Larmor frequency wy, and other contributions
at frequencies far from w are negligible. For this reason the measurements are carried out in this limited range
of frequencies. This fact must be accounted for in expression (3) where the Hamiltonian H must be conveniently -

- truncated [2,3] in such a way that the poles of Im ({Hl*lHl»w lay only in the frequency interval of interest.
~ Because in most cases this frequency interval is very small compared to wq, 1t 18 a very good approximation to

write for the lineshape |
(W) = —5woImCHI* 1) . ' )

This expression provides a very convenient way for the calculation of the linear response lineshape of magnetic
resonance spectra. | ' | | T '

One important fact that follows from eq. (5) is that all the relevant information about the lineshape is con-
tained in the Green’s function (H1* |H1)  In this sense we can make use of the well-known sum rules for the
retarded two time Green’s functions [1] to derive general relations for the moments of magnetic resonance ab-

sorption line. In our case the sum rules of interest are:

- [ «E*IHY), ) des = (afin) [H*(0), HI(0)]),

- . _ ” _ A
1 : 1 -
X CHI* | HY) _______(< HY™ HY]) 0 + 25 ([HY*, dkHYdik T ) w1 dew
[m_ 1, = 55\ o+ Zs (] a1 5
= (R, dr )y, : ()
From the expression of [{w) in eq. (5) one can write these sum rules as: '
4= [ I(w) deo = Sn(wq/mx [t H1] ),
00 | | n-—1 |
(W) = f w{w) dw :—%ﬂ(wo/f}””)([[H,Hl*], [H, ..., [H H] .11 - {7)
| | | | f |

Substitution of eq. (7) in the definition for the nth moment of an absorption line {3}, given by:

. _ . <Aw”)=(f(co «—(@))”](cu). dw)(

v

;f () dw)—l .- | D (8)

— Q)
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leads to the desired results. . _ _
It is noteworthy to point out that the rclations (7) are very general expressions for the moments and they are
not limited to any particular temperature regimes |

3. High-temperature limit

It can be said without any doubt that van Vleck’s celebrated relations for the second and fourth moment of an
absarption line, constitute two of the most used formulas in the interpretation of magnetic resonance spectra.
~ Although the above derived expressions are more seneral than van Vieck’s, we can obtain them by taking the ap-
propriate high-temperature limit in eqs.‘{7)’. .

This means that we work under the assumption that the involved temperatures are always high enough to al-
low a linear expansion of the equilibrium density matrix, which we obtain from {7):

- (/M@ ) tr{ [ HYH Y,

() = éﬂ(uo/ﬁﬂﬂ)(g/u{f}) [ [[H, H, [H, ... [H,HY ] 1HY, , 9)

where § = 1/kg T and / is the dentity operator.
To proceed further in the simplification of the traces in (9) we must assume that the temperature 1s low

enough so that the lattice remains essentially in its ground state. This assumption 1s usually called rigid lattice
~ondition and it allows to treat the system Hamiltonian, f, as an effective spin Hamiltonian where the lattice
operators are evaluated in the oround state, leaving only a spin dependent part. With this assumption we can eval-
uate the traces in a representation where the effective spin Hamiltonian is diagonal and recalling the remark niade
at the beginning, so as to consider only spin transitions between states that fulfill the condition (£, — £, ) A hwg,
it is straightforward to obtain: ' | ‘

- _ | - 2 i
4 =a(dp/tr (TH e {HHYY, (@ = 3m(epflt (DDA {1, ] A, ..., {1, HY 11, H]

(10

From these relations we can readily obtain van Vleck’s formula for the first two even moments: |
My ={w?)A =a 2t {[H, H] (HY, H e {HYHLY, - (11)
My = by =ne ([, HY [H, [ H') HY e (H VP ) - (1)

4. Conclusion

The derivations given above represent a simple example of the application of the powerful double time Green’s
function formalism in the calculation of quantities of interest in magnetic resonance. The important point is that
A1l the relevant information to the lincar response lineshape in a magnetic resonance experiment is inciuded in a .
Green’s function of the type /7177, . This allows the determination in a straightforward manner of expressions
for the nth moment of an absorption line by means of sum rules for the Green’s functions. The general expres-
sions so obtained can be readily reduced to the van Vieck’s relations in the high-temperature rigid lattice regime.
It is interesting to note that in spite of the fact that the Green’s function formalism has proven to be an outstand-

ing tool in other fields of theoretical physics, it is very seldom used in magnetic resonance theory.
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