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Abstract
We prove, by using techniques similar to those in [3], that the inter-
polation space A, & contains a copy of the Orlicz sequence space ha.
Here p is a parameter function and ® is an Orlicz function.
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Resumen
En el presente trabajo, usando técnicas andlogas a las usadas en [3],
demostramos que el espacio de Interpolacién A, s contiene una copia
del espacio de Orlicz de sucesiones hg. p denotard una funcién pardme-
tro y ® una funcién de Orlicz.
Palabras y frases clave: Espacios de Interpolacién, Espacios de Or-
licz, funcién Pardametro

1 Introduction

In [3] it was proved that the classical Interpolation space Ay , contains a copy
of ¢,. Here we are going to give a similar result for Orlicz spaces, for that we
need some concepts.
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1.1 Orlicz spaces and parameter functions

Definition 1. An Orlicz function ® is a an increasing, continuous , convex
function on [0, 00) such that ®(0) = 0. ® is said to satisfy the Ag-condition
at zero if limsup®(2t)/P(t) < oo.

t—0

Definition 2. Let @ be an Orlicz function, the space £¢ of all scalar sequences
{an},, such that

ZCP <|an|> < oo for some p >0,
n=1 K
provided with the norm

Han}2yl,, = mf{u ~0:3 0 ('“n') < 1},

n=1 H
is a Banach space called an Orlicz sequence space.
The closed subspace hg of £g, consists of all scalar sequences {an} _; such

that
Z (' n|)<oo for all p > 0.

Remark 1. if @ satisfy the As-condition at zero, we have that the spaces ¢
and hg coincide, so the result in this work generalize the one in [3] for the
case ®(t) = %,p > 1.

We have the following result proved in [4]

Proposition 1. Let ® be an Orlicz function. Then he is a closed subspace
of Ly and the unit vectors {e,}>2 1 form a symetric basis of hg.

In the following the next concept is very important.

Definition 3. A function p is called a parameter function, or p € B, if
p is a positive increasing continuous function on (0, c0), such that

C, —/ min(1, — (t)@ < 00, where p(t) —supp(St).
s>0 p( )
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Definition 4. Given p € Bx and & an Orlicz function, we define the
weighted Orlicz sequence space /, s, as the space of all scalar sequences
{am} ez such that

Zq)('am')<oo for some u > 0,

= \up(2M)

equipped with the norm

H{O‘m}meZHZP& = inf {,u >0: Z ® ( |aan)

meZ 'up(2

)=

1.2 Interpolation spaces

Definition 5. An Interpolation couple A = (Aj, A;) consists of two
Banach spaces Ay and A;which are continuously embedded into a Haussdorff
topological vector space V.

The space Y (A) = Ag + A; is endowed with the norm K (1,a), where

K (t,a) =K (t,a; A) = az};rolg_al {||0L0||A0 +tlaill 4, : a0 € Ag,a1 € Al},
is the so called Peetre’s K—functional.

For 0 <6 <1 and 1 <p < oo, the classical Interpolation space Ag p,
consists of those a in }_ (A), such that

[e’g) p
dt

lally, = | [ K Gy | <.
0

In [2] we introduced the following function norm.

Definition 6. For p € Bg and ® an Orlicz function, the function norm

F, o on ((0,00), %) is defined by

t

o0

F,q = inf r>o:/¢[“(t)|]‘it§1 :

rp(t)
0

where u is a measurable function on (0, c0).
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Using the function norm F), g, we introduced in [2] for a Banach pair 4,
the interpolation space A, s, as the space of all a € ) (A) such that
F,o[K(t,a)] < 0o, endowed with the norm |[al|, = F}0[K (¢, a)].

Since for a € Z,,@, with p € B and ® an Orlicz function, we have that

(e )

mee (2050 ) < ]‘I’ (%)%

we obtain that, for all a € 4, ¢,

K™ @Yeall, | <2lall,, <45@) [{KC™ ez, (D)

IN

which gives a discretization of 4, ¢.
In this work we use this discretization to prove that the interpolation
space A, ¢ contains a copy of he.

2 The main result.

Theorem 1. Let (Ao, A1) be a Interpolation couple, p € Bx and ® an Orlicz
function. We have that if AgN Ay is not closed in Ao+ A1 , then (Ao, A1)p.0
contains a subspace isomorphic to he.

Let € > 0; we are going to construct a sequence {z,},-; in (Ao, A1)y
and a sequence of integer {N, } -, strictly increasing, which satisfies the
following conditions

n=1">

L lzall, o = 1

2. inf <I>< (2™ ’,ff")) <1l;= H K@2m, x, < 55

‘l‘go{l \Z>:N wEm) ) = LK@ ) ey e = 2

3. inf ¢ <7“(2m’€:;+1)) <1l;= H K(@2m, < 553
}f;o{ |m|z§:Nn nem) B e $n+1)}\m|§NH tow — 2

For the purpose, supposse we have defined x1, xs, ..., zn, N1, ..., N,,_1, which
satisfies the above conditions. Since {K (2™, z,)} € {, 5, i.e.,

mf{,u>0 Z < Mp2m))><1}<oo,

mEZ
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there exists 0 < pg < 0o, so that

K@2™ x,
S (S0 ) <
=\ kop(2M)
thus there exists N,, > N,,_1, such that

()5 (L)

|m|>N,,

Therefore

Z P <K€(2’x”)> <1
| N InF2 p(2m)

and from this we deduce that

8 m
oz 2 H{K(2 2 T0) H > N,

By using (1) we can find k1, k2 > 0 so that

by

Brllolge < [(K@™ D)l n,

for all z € (A07A1)p7q> .
Let now z,41 € (AO,Al)p@ be such that

<k —
[p,@ =" ||x||E<A)’

€
[znt1lls@) < [T and 241, =1,

then we have that

m €
H{K(2 7xn+1)}\m|§NnH€pyq) < ]f2 ||$n+1||E(Z) < m

We have thus contructed the required sequence.
Let us see now that for all sequences {«, },  , such that all but finitely many
are zero, we have that

<+ fantntill,, (2
p,®

3e 0
(1- %) Hanbzl, <

)
E ApTn
n=1

This would mean that {z,} - is equivalent to the basis {e, } -, of he.
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In order to prove the inequality (2) we need the following definitions:

For m € Z and x € X(A), put
Hp(z) = K (2", );

H., is an equivalent norm to ||..||s, ), for each m € Z.
Also we put for m € Z,

i.e. Fy, is the space X(A) provided with the norm H,,.

Let now F = (BmezFm) ie.

Lp,a?

F={{ombnez : om € Fons [{Hn(@m)H g < o0}

provided with the norm

H{xm}mEZHF = ”{Hm(xM)}Hep,iw

Given {a,},- | a scalar sequence such that all but finitely many are zero, we
define X = {X.},.c0,Y = Yo} ez, 2" = {2} }nez € F, in the following
way

1. For each m € Z, X,, = > 0 | Ty,

9 V. — Q1T if |m| S N1
o ApTp if anl < |’ITL| SNnanZ2

3. Z =0,if /m| < Ny and Z} = ayay if |/m| > Ny

Oa if anl S ‘m‘ S Nn

) > n — .
4. Forn >2, 77, { anTy,, otherwise.

We have then that

X:Y+iZ” (3)

n=1
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and that

IXIr = [{Hn (Xa)}ezll,,,

()]

H{K(T”, g ozna:n)}

n=1 £p7<I>
: K 2m’ ;.7,0:1 An Ty
mf{/\>0: E <I>< ( )\%:(27”) )>S1}

meEZ
0o
> anan
n=1

Moreover, we have that

Lp,D

mEeEZ

p,®

12" F < o] for each n > 1.

€
2n+17
In fact , for n = 1, we have that
K(@2m™, 7} )) (K(Qm m1)> e ¢
So(fmen) = X o (M) <z e
2= \laap(2™) SN p(2™) 2 2

then .
12 < lenl 55

If n > 2, we have that

€ c -

S 2n+2 + 2n+2 = 2n+1 °

i.e.
n+1 m n m n
1> 2 Zq)(K(? 7Z’m))22¢,( K(267Zm) )7
e 2 " Uanlo@™) ) = 227 au] sz
therefore
n €
127 5 < lam] Snii
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Using the Holder inequality we get

Sz <53 el < Stz {5} | <5 e,
n=1 n=1 n=1llhg

where VU is the complementary function of ®.
Since we have that

IYle =D 12" < 1Xle < 1Y lp+ Y127k,

n=1 n=1

we obtain that
IV1e = 5 IHondizall, <UXTe < IVILE+ 5 [{ondi2all,,

For n =1 we have that

)

(4)

L = H{K(2m7$1)}meZH
< K@@ mem]|,  + @™ 20},
p,® P&
€
< H{K(2m7m1)}‘m|§1\71 +277
tpa
i.e. -
1- o < [{KC@™ 2} men|, <1,
p, P
and for n > 2 we have that
1 = H{K(2m,$n)}mez“£mq}
Sl CCTES R (CLES) I C(CLIES ) T
P,
€ K (9™ €
< W*H{ @™ e v, s <imisnn |, gere
i.e. 3 3
& & m
1- 22 <1l- oniz < H{K(2 )N, <lml <N too <1

Now using the fact that
Wi = Gl

- H{K(zm,ym)}meszm

B H{K(zmﬂlml)}'m'SNlJr <{K(27n7an$n)}Nn—l§|m|§Nn)

n=2 ép’@
< H{K(Z’”,oum)}lmlg\,lHz +1> ({K(2m7U‘nwﬂ)}Nn_lg\m\gNn)
P, P n=2 ¢
p.®

H{l"llK(Qm"’“)}\mKNlH +
sl

Z ({lanl K(2m’$")}N7L71§\"'L\§Nn)’
£

n=2

o, P
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we get, by replacing in (4), that

3e oo g %)
(1= 5 ) ek, <050 < (14 5) o)l

which means

3e = — -
(1 - ?> Zanen < Zanwn <(l1+¢) Zane" )
n=1 he n=1 X n=1 he
as desired.
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