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Resumen. En este trabajo especial de grado se implementó el algoritmo del back-
ward/forward sweep (BFS) como método para resolver redes radiales o débilmente
malladas, como es normalmente la estructura de los sistemas de distribución. Di-
cho método utiliza las caracterı́sticas tı́picas de estas topologı́as de redes para sim-
plificar las ecuaciones del sistema y ası́ optimizar el tiempo consumido para encontrar
la solución de la red. Sin embargo, este tipo de métodos presenta particulares prob-
lemas con los lı́mites de convergencia que han sido estudiados para el análisis de sis-
temas eléctricos sin presencia de componentes armónicas. En este trabajo se amplió el
estudio y se identificaron los lı́mites de convergencia del método en presencia de com-
ponentes armónicas, mediante la implementación de dos variantes del BFS aplicadas a
una red trifásica desbalanceada en presencia de cargas no lineales. La implementación
se realizó mediante la programación en Matlab� de los algoritmos estudiados y su apli-
cación a tres redes de prueba, con la posterior verificación de los resultados obtenidos.
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Chapter 1

Introduction

The concept of power quality is certainly not a new concern, but it is a subject
that each day brings more and more interest for the power industry. Some of the main
reasons for this fact are the growing numbers of power electronic devices in the net-
work which increase the harmonic currents injected in the transmission and distribution
power system, the increase of microprocessor-based controls and other devices more
sensitive to power quality variations, the end users increased awareness of the power
quality issues, and in some cases, the deregulation of the utility has complicated the
power quality problems because of the possibility of the agencies to exploit the laws
regarding the flow of money instead of the physical laws of power flow [15]. So nowa-
days a lot of resources and efforts are being devoted to the researches in the power
quality fields.

The term of “power quality” can be defined as the capacity of an electrical power
system to feed loads without problems and without damages, which is linked to the
quality of the supply voltage. It also can be defined as the ability to function without
creating problems and without reducing the efficiency of the power system, which is
linked to the quality of the waveform of the current. Both definitions are strictly related
to the waveforms of the system voltage and currents. In other words, power quality is
strongly linked to the harmonic levels existing in the power system, called “harmonic
distortion”. In addition to the overheating and hight losses problems in the network
components, the harmonic distortion may introduce a resonance condition in the sys-
tem, generating over currents or over voltages situations that can be very harmful.

Standards on harmonics have been developed by various international organiza-
tions, such as the IEEE Standard 519-1992 [57], the IEC 61000 and the EN50160. The
principal scope of these standards is to unify the harmonic distortion limits to ensure a
good compatibility between the system equipment and the end-use equipment. These
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1 – Introduction

limits are expressed in terms of the individual harmonic voltage distortion, the total
voltage distortion (THD) or the total demand distortion (TDD). If the system already
exists, the evaluation of the voltage limits or the index has to be done based of measure-
ments done to the network components. The IEEE Standard 519-1992 [57] provides
a guideline on the measuring procedures. If instead the system is planned or new, the
harmonic source have to be characterized using manufacturer’s data and the harmonic
distortion levels have to be calculated on the basis of a model of the system. The system
operating condition is obtained with a power flow calculation.

Power flow analysis, also known as load flow analysis, typically gives the voltage
magnitudes and angles at all nodes of the feeder, the active and reactive power flow in
each line section, the ranch currents specified in magnitude and angle, or magnitude
and power factor, the power loss in each line section, the total feeder active and reac-
tive power inputs, the total feeder power losses and the loads actual active and reactive
power consumption. In its simplest form, the power flow is applied to a single phase
system or a single phase equivalent of a three phase balanced system. However, in re-
cent years, with the proliferation of large capacity unbalanced loads including electric
locomotives, electric arc furnaces, unbalances among the three phases in power sys-
tems have become ever more significant. Under such conditions, the errors obtained
applying a single phase equivalent power flow can become unacceptably large to be
ignored, making a three-phase unbalanced load flow calculation required for the distri-
bution system analysis. It is well known that the distribution system are more affected
by the unbalances of the power networks than the transmission system, due to the na-
ture of the loads, the existing of single and double phase cables and the fact that the
unbalances do not compensate each others. Added to this fact, there is the unbalance
due to the harmonic distortion. The theoretical analysis shows that in a three phase
system even if the nonlinear characteristics in each phase are the same, as the nonlin-
ear characteristic may be the function of the voltage over the nonlinear element and/or
current through it, the instantaneous parameters in three-phase circuit are unbalanced
because the instantaneous voltages across each phase are different [11]. Therefore, is
clear the choice of three phase power flow in the case of harmonic analysis, especially
in distribution networks.

Commercial programs have been developed to apply special techniques for har-
monic analysis and improve the obtained results compared with the application of
fundamental frequency analysis programs to harmonic studies. Among the most im-
portant of these computer tools, the following ones may be mentioned: the Network
Frequency Response Analysis Program (1975), the first commercial computer program
specifically designed to automate analysis of harmonic flows on large-scale systems;
the McGraw-Edison Harmonic Analysis Program (1984), written in Fortran for micro-
computers, includes an interactive graphical output; the V-HARM program, the one
written expressly for the PC environment; the SuperHarm program, the recent version
of the V-HARM written in C++ language for the Microsoft Windows environment; the

2



1 – Introduction

CYMHARMO program, actually written in a mixture of Fortran and C languages; and
the NEPLAN program, which licensed version allows the harmonic analysis for thee
phase networks. Harmonic problems can also be solved on electromagnetic transient
analysis programs, such as EMTP, but usually this results in less efficient solutions [15].

All programs mentioned above are private and need licenses to be used, limiting the
students and particular researches to perform harmonic analysis. Free demo version of
some softwares can be obtained by institutions, but usually this kind of version does not
works with three phase systems. There is where the main objective of this project takes
validity: to develop a simple and more accessible harmonic analysis program that could
be used in future works or researchers. This objective was reached with a series of m
files written in Matlab� from MathWorks™, which can be easily modified according
to the case of study and the data available.

Different three phase harmonic power flow method have been studied and applied in
computer tools for harmonic analysis in both time and frequency domain. References
[5], [39], [42], [47] and [49] are some examples of application of Newton’s methods
to harmonic analysis. However, none of these methods take into account the special
characteristics of a distribution networks, such as is radial or weakly meshed structure,
large number of nodes to be represented and high R/X ratios of the feeders. Authors of
reference [45] propose a novel method based on backward/ forward sweep technique,
which takes advantages of the particular structure of the distribution networks. Be-
cause of the lack of documentation in this specific area (distribution network harmonic
analysis) this work was dedicated to the implementation of two methods based on back-
ward/forward sweep techniques, verifying the advantages and the range of validity of
these approaches.

Chapter 2 presents more clearly the general and specific objectives of this work;
chapter 3 is an introduction to the harmonic distortion problem, its sources, its causes
and the actual standards to limit them; chapter 4 describes power system analysis tech-
niques in fundamental or harmonic frequencies, and its application to the case of inter-
est; chapter 5 describes the principal models of the network components for fundamen-
tal and harmonic analysis; chapter 6 is a description of the methodology used to reach
the objective; chapter 7 describes the methods applied, the programs made and the re-
sults obtained when applying these programs to some test networks; chapter 8 discuss
the results obtained; and chapter 9 presents the final conclusions and recommendations
of this project.
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Chapter 2

Harmonic Distortion

In a power system there can be nonlinear devices, in which the current is not pro-
portional to the applied voltage. When this situation is verified, even if the applied
voltage is a perfectly sinusoidal waveform, the resulting current is distorted, as shown
in Figure 2.1. According to Fourier [17], if the distorted waveform is periodic, like
the one shown in Figure 2.2, it can be written as a sum of pure sine waves in which
the frequency of each sinusoid is an integer multiple of the fundamental frequency of
the distorted wave, known as Fourier Series. Each sinusoidal component is called a
harmonic of the fundamental. Even if there are a few cases where the distortion is ran-
dom, most distortion are periodic with components whose frequency is an integer of the
power system fundamental frequency, or presents very slow changes between one cycle
and the next one. Therefore, the Fourier series concept can be applied toward analyzing
harmonic problems. Usually the system is analyzed separately at each harmonic order
and then, if necessary, the complete output waveform can be computed. This simplifies
a lot the analysis of power systems with harmonic distortion, in contrast to computing
everything in time domain, where the nonlinearities may complicated every calculation
that has to be made.

This chapter describes principal causes and effects of having harmonic voltages
or currents into a power system. It also summarizes the current international existing
standards set up to prevent the malfunction of the systems and/or its components.
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2 – Harmonic Distortion

Figure 2.1: Example of a current distorted by a non linear load [15].

Figure 2.2: Distorted waveform and its components [15].

2.1 Harmonic Sources

In power systems operation, every nonlinear device is a potential harmonic source.
Usually the harmonic sources can be divided into four main categories [24]:

• Nonlinear Voltage-Current Sources.

• Line-Commutated Solid State Converters.
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• High Frequency Sources.

• Non-Harmonic Sources.

This section briefly describes each category and it contain some examples of the
most common devices that generate harmonic distortion in power networks. Chapter 4
explain with more details the models used to evaluate their effect in the power networks.

2.1.1 Nonlinear Voltage-Current Sources

For these type of devices, the relationship between the voltage and the current is a
nonlinear curve. The most common source in this category is transformers (due to their
nonlinear magnetization characteristics), fluorescent and other gas discharge lighting
devices, and other devices such as arc-furnaces. For some equipment such as core-
and-coil ballasted fluorescent lights, the relationship can be relatively constant over a
reasonable working range. In other cases, like the transformers, it can be very complex
if hysteresis characteristics of the magnetic materials are considered. In the case of arc-
furnaces the voltage-current relationship has a time-dependent variation (depending on
the stage of melt) and a random variation. The harmonic currents generated by these
devices are affected more by the waveforms and peak values of supply voltages than
those generated by electronic switching devices.

2.1.2 Line-Commutated Solid State Converters

Line-commutated solid-state converters are the electronic power converters sup-
plied from the ac system in which the switching of devices is synchronized to the
zero-crossings of the ac voltage or its fundamental component. Generally a periodic
steady state exists. Under ideal conditions the devices switch in an identical way dur-
ing the positive or negative half-cycles and thus only odd-harmonic components exists,
according to the Fourier series theory [17]. Compared to the nonlinear voltage-current
devices, harmonic currents generated from converters are less sensitive to supply volt-
age distortion. Harmonic current source models are therefore commonly used to repre-
sent these devices. The phase angles of the current sources are functions of the supply
voltage phase angle and they must be modeled adequately for harmonic analysis in-
volving more than one source. Typically, devices utilizing line-commutated solid state
converters include static var compensator, HVDC link and dc drives.
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Static var Compensators

Static Var Compensator (SVC) are devices designed to provide the reactive power
required to control dynamic voltage swings under various system conditions and im-
prove the power system transmission and distribution performance. These devices nor-
mally have large Mvar ratings and are connected to high voltage transmission systems.
Therefore, the harmonic currents generated from SVCs may affect a large number of
customers and equipment. Common SVC-related harmonic studies tend to represent
the device in detail, taking into account factors as firing-angle dependent harmonic
generation and supply voltage unbalance.

Three-phase Static Power Converters

The introduction of this type of converters has caused a significant increase in
harmonic-generating loads. The most common is the six-pulse bridge rectifier type
(Figure 2.3). It is widely used as the front end for HVDC terminals, dc drives and
adjustable speed drives. Typical circuit configurations for these devices are shown in
Figure 2.4. The two types of commonly adopted converter circuits are the thyristor and
the rectifier bridges. The first is usually used in HVDC links, current-source ac drives,
and dc drives, while the second is normally seen in voltage-source and PWM ac drives.
Because of the nature of the bridge connection there is no generation of zero sequence
harmonics from the converter, even when the supply voltage is unbalanced or distorted
[24].

Figure 2.3: The six-pulse line-commutated converter.

The three basic components in the most common types of ac motor drives are the
converter section (front-end), the inverter section, and the dc circuit that connects the
two sections [31]. The converter section changes the 60/50 Hz line voltage into dc
voltage through a switching process that will inject harmonic currents into the power
system. The dc circuit is called the dc link. The DC current also contains harmonic
ripples, due to the conversion process, which can also penetrate the power system. The
inverter section is used to change the dc voltage into adjustable frequency of voltage to
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Figure 2.4: Typical configurations of (a) AC/DC motor drives (b) DC motor drive and
(c) the HVDC link.

ac motor. The inverter can introduce additional ripples into the dc link current, which
means injecting harmonic currents into the supply system side. In general, the extent
and the frequency of inverter-produced harmonic distortions are largely a function of
inverter design and motor parameters.

Single-phase Static Power Converters

These converters are commonly found in electronic equipment (computers and TVs),
small adjustable speed drives, battery chargers and other rectifier and inverter applica-
tions. The most common single phase power supply consists of a capacitively filtered
rectifier followed by different types of regulating stages. Such a supply draws pulses
of current corresponding to periods of time in each half-cycle where the line voltage
exceeds the capacitor voltage [24]. The spectrum consists of all odd harmonics with
magnitudes which depend on the shape of the pulse. This is a huge difference between
three-phase and single-phase converters, because the latter includes third-harmonics
currents, which usually are the largest components of harmonics. These devices can
be represented individually in power network harmonic studies as harmonic current
sources.

2.1.3 High Frequency Sources

Some systems use high frequency switching to achieve greater flexibility in the
power conversion. Electronic ballast may fall into this category. Using them in fluo-
rescent lighting is a technique for improving current waveshape and power factor, thus
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minimizing filter requirements and minimizing switching losses. Distortion is created
at the switching frequency which is generally above 20 kHz. Normal techniques can
be applied to reduce the low frequency harmonics, however high frequency distortion
is usually not a problem because it cannot, generally, penetrate far into the system.

2.1.4 Non-Harmonic Sources

There exisst several power electronic systems which produce distortion at frequen-
cies that are not integer multiples of the fundamental frequency, commonly known as
interharmonic frequencies. The sum of two or more pure sine waves with different
frequencies not integer multiple of the fundamental frequency does not necessarily re-
sult in a periodic waveform. Therefore, these kind of waveforms do not have a Fourier
series representation. Impacts of interharmonics are similar to those of harmonics,
such as filter overloading, overheating, ripple, voltage fluctuation and flicker. However,
solving interharmonic problems is more difficult, especially when the frequencies are
random in time, like those in induction furnaces [15].

Some of the most commons harmonic sources that may generate interharmonics are
explained below.

Cycloconverters

Cycloconverters are devices that use static switches to convert a constant frequency
fixed voltage source of ac power to a variable, lower frequency, controlled voltage
output. Typical current absorbed by these devices is distorted by three different com-
ponents: harmonics (components at integer multiples frequencies of the fundamental
frequency) from symmetrical phase-angle triggering sequences, interharmonics at fre-
quencies below of the fundamental frequency from any “integral” triggering;,and other
nonharmonic frequencies arising from a specific triggering sequence designed for a
specific frequency [13]. This converter, having a fixed output frequency, produces dis-
tortion at fixed frequencies.

Doubly Fed Machine Drives

Doubly fed machines are a class of wound-rotor induction machines in which the
stator is typically fed from the utility supply, while the rotor is fed by a variable voltage,
lower power, and variable frequency electronic source. In these machines, the rotor
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currents will be of the slip frequency [24]. With electronic converters supplying the
rotor windings, the winding currents carries the harmonics of the slip frequency, which
are coupled through the air gap to the stator and causes currents in the stator winding.
These currents have frequencies different from the stator harmonics frequencies. The
major problem related to this kind of nonlinearloads is the fact that the frequency of
these currents, resulting from slip frequency harmonics, will vary with the rotor speed.
Therefore, a system resonance at any frequency will be excited for some particular
operating speed.

Adjustable Speed Drivers

Adjustable speed drives (ASD) may inject non-harmonic currents into the power
system. There are two ways an ASD can generate harmonic currents [51]. First it is
the converter operation which injects harmonic currents into the supply system by an
electronic switching process. Second is the inverter operation, which can introduce
additional ripples into the DC link current that can penetrate into the supply system
side. The magnitude and the frequency of inverter-caused ripples depend on inverter
design and motor parameters.

2.2 Effects of Harmonic Presence in the Power Networks

The degree of harm that harmonic presence can cause to a power network is deter-
mined by the susceptibility of the system components, load or power source to them.
The least susceptible equipments are those whose primary function is in heating, as in
an oven or furnace. In this case, the harmonic energy is generally utilized and hence
is quite tolerable. The most susceptible type of equipment is that whose design or
constitution assumes a perfect sinusoidal fundamental input. These equipments can be
frequently found in the areas of communication or data processing application. Other
equipments can be affected merely by the dielectric thermal or voltage stress, which
causes premature aging of electrical insulation.

This section is dedicated to explain how the harmonic distortion may affect the
principal components in a power system and the system as a whole.
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2.2.1 Effects on Power System Quantities

Power system quantities such as rms values, power and power factor are normally
defined for the fundamental frequency in a pure sinusoidal condition. When harmonic
distortion exists in a power system, the hypothesis of sinusoidal condition is no longer
valid and many of the simplifications used for the fundamental frequency analysis do
not apply and the common equations for power, rms values o power factor have to be
adjusted.

For a perfectly sinusoidal wave, it is known that the rms values of voltage and
current are given by:

Vrms = V1 =
V̂1√
2

(2.1)

Irms = I1 =
Î1√
2

(2.2)

where V̂1 and Î1 are the maximum value of voltage and current waveforms, respectively.
In a non sinusoidal condition, the distortion waveform is made of the sum of diverse
sinusoidal waveforms and the rms values are given by:

Vrms =

����
hmax�

h=1

∗V 2
h

(2.3)

Irms =

����
hmax�

h=1

I
2
h

(2.4)

where Vh and Ih are the rms values of the waveform at the hth harmonic component.

The active power P can be computed as the average of the product of the instanta-
neous voltage and the instantaneous current:

P =
1

T
∗
�

T

0

v(t) ∗ i(t) ∗ dt (2.5)

Equation 2.5 is valid for both sinusoidal and nonsinusoidal conditions. Instead,
Equation (2.6) indicates the average active power only for the fundamental frequency.
In the nonsinusoidal case it must include the contributions of all harmonics. However,
the voltage distortion in power systems is usually very low (less than 5%). Equation
(2.6) can be used to compute the active power regard less of how distorted is the current
[15].

P = V1 ∗ I1 ∗ cos(θ1) = S1 ∗ cos(θ1) (2.6)
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where θ1 is the angle between voltage and current at the fundamental frequency.

Similar approximations between power computations at the fundamental frequency
and the total power of the distorted waveform cannot be made for the reactive and
complex power. These two quantities are greatly influenced by the distortion. There
is some disagreement as to define the reactive power Q of the distorted waveforms.
However to size shunt capacitors it is used the component at the fundamental frequency
(Equation (2.7)). In fact, it is more important to determine the active power P and
apparent power S1 than the reactive one. P defines the actual power that is expended,
dissipated or consumed by the load to perform real work, while S1 defines the capacity
that power system requires to deliver P at the fundamental frequency.

Q1 = V1 ∗ I1 ∗ sin(θ1) = S1 ∗ sin(θ1) (2.7)

The apparent power S for both cases, sinusoidal or nonsinusoidal, can be written as
Equation (2.8).

S = Vrms ∗ Irms (2.8)

Even if this general equation could be applied to both cases, there is actually an
important difference regarding the components of this apparent power. For a perfectly
sinusoidal waveform, S can also be written as Equation (2.9). Instead, in a nonsinu-
soidal case, the apparent power is described according to Equation (2.10), where D

represents all the cross products of voltage and current at different frequencies, which
yield no average power [15].

S1 =
�
P

2
1 +Q

2
1 (2.9)

S =
�

P 2 +Q2 +D2 (2.10)

where P and Q can be calculated as the sum of the real and imaginary parts of the
apparent power at each harmonic [29]:

P =
hmax�

h=1

Re{Vh ∗ Ih} (2.11)

Q =
hmax�

h=1

Im{Vh ∗ Ih} (2.12)

The term Q in Equations (2.12) and (2.10) is called “reactive voltamperes” and it
is used for a mathematical quantity which should not be confused with power [48]. It
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does not possess the conservation property of a power, then the term “reactive power”
is not used in order to avoid confusion with actual power.

The percentage of power expended for its intended uses can be measured by the
power factor (PF ). In the sinusoidal case there is only one angle between the voltage
and the current and the power factor can be computed as the cosine of this angle (Equa-
tion (2.13)), commonly known as the displacement power factor. In the nonsinusoidal
case, the power factor cannot be defined as the cosine of the phase angle, instead it has
to be compute from the contribution of all frequencies to the active power (Equation
(2.14)). In this latter case it is called true power factor.

pf =
P1

S1
= cos(θ1) (2.13)

pf =
P

S
(2.14)

Figure 2.5: Power factor for the (a) sinusoidal case and (b) nonsinusoidal case.

The IEEE Trial-Use Standard 1459-2000 beside the terms explained below, defines
the non-fundamental apparent power [20]:

N =
√
S2 − P 2 (2.15)

2.2.2 Effects on System Components

Power Cables

The flow of nonsinusoidal current in a conductor will cause additional heating due
to the fact that the actual rms value of the current would be greater than the expected
value. This is due to two frequency-dependent phenomena: the “skin effect” and the
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“proximity effect”. As a result of these two effects, the effective ac resistance is raised
above the dc resistance specially for larger conductors. Therefore the losses in the cable
increases due to two reasons: the increase of the Irms and the higher RAC . In Equation
(2.16) it can be noticed that the second term of the sum doesn’t exist for pure sinusoidal
waveforms.

PLOSS = RAC ∗ I2
rms

= R1 ∗ I21 +
hmax�

h=2

�
Rh ∗ I2h

�
(2.16)

where:
Ih is the rms value of the current at the hth harmonic order.
Rh > R1

In four-wired distribution systems, the existence of the triplen harmonic currents in
a balanced system means a high current level flowing by the neutral wire. This current
could become greater than the current flowing through, overloading the neutral wire. If
the harmonic distortion level is particularly high, would needed a derating of the cable.

Transformers

There are three major effects that a harmonic distortion has on transformers:

• Increase on the rms current value which leads to an increase of conductor losses.

• Increase of eddy currents that are proportional to the square of the frequency.

• Increase of core losses, due to the increase of eddy currents in the core lamina-
tion.

The three effects mentioned above result in one final effect which is the increase of
the transformer temperature. This additional heating can be critical when the current
distortion is very high. As a general rule, when current distortion exceeds 5% the
transformer is a candidate for derating [15]. Guidelines for transformer derating are
detailed in the ANSI/IEEE Standard CS57.110-1998, Transformer Capability When
Supplying Nonsinusoidal Load Currents [57].

Motors and Generators

Rotating machines (induction and synchronous) may suffer the harmonic current
effects in many ways:
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• An increased iron and copper losses at the harmonic frequencies leads to over-
heating and reduction of efficiency.

• Possible rise to a higher audible noise emission compared to a sinusoidal excita-
tion.

• Production of a resultant flux distribution in the air gap which can cause or en-
hance a phenomena called cogging (refusal to start smoothly) or crawling (very
high slip) in induction motors.

• Harmonic pairs, such as the fifth and seventh harmonics, that may create me-
chanical oscillations, in case of turbine-generator combination or in motor-load
system. If the frequency of a mechanical resonance exists close to the frequency
of the electrical stimulus, high-stress mechanical forces can develop [57].

• Harmonic voltage will induce a corresponding harmonic current in the stator of
the machine. If the machine is connected to a six-pulse converter, there won’t
even be harmonics; each of the existing harmonics being a positive or negative
sequence symmetrical component of the total current. These currents will induce
additional heating in the stator windings.

• Harmonic currents flowing in the rotor are induced by the magnetomotive force
in the air gap due to the harmonic currents in stator and may result into rotor
heating and pulsating or reduced torque.

The sum effect of harmonics is a reduction in efficiency (typically 0.9-0.95 times
the one of pure sinusoidal waves) and life expectancy of the machinery. According to
the IEEE Standard 519-1992 there is no need to derate motors if the total harmonic
distortion (section 2.3.1) is below the 5% limit and 3% for each individual harmonic.

Capacitors

Harmonic distortion in capacitors may cause an increase of temperature and higher
dielectric stress, but the major concern arising from the use of capacitors in a power
system with harmonic pollution is the possibility of system resonance. This effect
imposes voltages and currents that are considerably higher than otherwise would be the
case without resonance.
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Electronic Equipment

Power electronic equipment is often dependent upon accurate determination of volt-
age zero crossings or other aspects of the voltage wave shape. Harmonic distortion can
result in shifting of the voltage zero crossing or the point at which one phase-to-phase
voltage becomes greater than another phase-to-phase voltage, causing the malfunction-
ing of many kinds of electronic circuit controls.

Other types of electronic equipment can be affected by the transmission of ac supply
harmonics through the equipment power supply or by magnetic coupling of harmonics
into equipment components.

Metering

In general, nonlinear loads tend to inject power back onto the supply system and
linear loads absorb harmonic power due to the distortion in the voltage. This may lead
to a negative error at harmonic frequencies for measurements made with induction disk
devices, such as watthour meters. The worst errors occur when the total current at the
metering site is greatly distorted (10-15%), fortunately the distortion at the total plant
load is not that distorted as individual loads currents [57]. Therefore, the metering error
is frequently small.

Switchgear and Relaying

As for other types of equipment, harmonic currents can increase heating and losses
in switchgear, thereby reducing steady-state current carrying capability and shortening
the life of some insulating components [57]. This can lead to a derating of fuses and
other equipments. There are currently no standards for the level of harmonic currents
that switching devices or fuses are required to interrupt or to carry, but in general,
harmonic levels required to cause misoperation of relays are greater than those for other
kind of devices, usually distortion factors of 10-20% are required to cause problems in
relay operation.

Communication Circuits

The presence of harmonic currents or voltages in utility distribution system or
within distribution system facility can produce magnetic and electric fields that could
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interfere with communication systems. Voltages induced in parallel conductors often
fall within the bandwidth of nominal voice communications, specially those between
the 9th and 24th harmonic.

Triplen harmonics are especially troublesome in four-wire systems because they
will circulate in the neutral circuit, which has the greatest exposure with the communi-
cation circuits.

2.2.3 Resonance

System resonances can be of two natures:

• Parallel Resonance
Parallel resonance occurs when the system inductive reactance and capacitative
reactance are equal at some frequency, caller the resonant frequency (Equation
(2.17)). If the combination of capacitor banks and the system inductance result
in a parallel resonance near one of the characteristic harmonics generated by the
nonlinear load, that harmonic current will excite the circuit, causing an amplified
current to oscillate, swapping the energy stored in the inductance with the energy
storage in the capacitance, and vice versa. In other words, the voltage and cur-
rents at this frequency continue to persist at very high values, causing most of the
harmonic distortion problems in power systems.

fp =
1

2 ∗ π ∗
�

1

Leq

− R2

4 ∗ L2
eq

(2.17)

where R and Xeq are the systems equivalent resistance and inductance.

At the resonant frequency, the parallel combination of the equivalent inductance
and capacitance as seen from the harmonic current source becomes very large
[15]. This impedance Zp will depend on the value of the quality factor (Q) of
the resonant circuit (Equation (2.18)). The value of the quality factor depends on
the location of the power system where it is measured and it can vary from less
than 5, on a distribution feeder, or more than 30, on the secondary bus of a large
step-down transformer.

Zp =
XC ∗ (XLeq +R)

R
≈

X
2
Leq

R
=

X
2
C

R
= Q ∗XLeq = Q ∗XC (2.18)

Q =
XL

R
=

XC

R
(2.19)
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During the parallel resonance the harmonic current flowing in the capacitor bank
or into the power system will be magnified Q times, causing capacitor failure,
fuse blowing o transformer overheating.

Iresonance =
Vp

XC

=
Vp

XLeq

= Q ∗ Ih (2.20)

Figure 2.6: Simplified distribution system with parallel resonance [15].

Usually the values of Leq and C are not available to compute the analysis of
a power system, so it is used one of the following equations to calculate the
resonant harmonic based on fundamental frequency impedances and ratings:

hr =

�
XC

XSC

(2.21)

hr =

�
MVASC

MvarCAP

(2.22)

hr ≈
�

kV Atx ∗ 100
kvarCAP ∗ Ztx

(2.23)

where:
XC is the capacitor reactance.
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XSC is the system short-circuit reactance.
MVASC is the system short-circuit complex power in MVA.
MVACAP is the capacitor rated reactive power in Mvar.
kV Atx is the complex power rating of the step-down transformer

in kVA.
Ztx is the stem-down transformer impedance in percentage.
kvarCAP is the reactive power rating of capacitor bank in kvar.

• Series Resonance
There are some instances where a shunt capacitor and the inductance of a trans-
former or distribution line may seen by the nonlinear load as a series LC circuit
(Figure 2.8). If the resonant frequency corresponds to a characteristic harmonic
frequency of the harmonic source, the LC circuit will attract a large portion of
the harmonic current generated in the distribution system. Thin may result in
magnified and highly distorted voltage at the capacitor terminals:

VC =
XC

|j ∗XT + j ∗XC +R| ∗ Vh ≈ XC

R
∗ Vh (2.24)

where Vh is the harmonic voltage corresponding to the harmonic source Ih and R

is the resistance of the resonant circuit usually small compared to the reactance.

Figure 2.7: Simplified distribution system with series resonance [57].

In many systems with potential series resonance problems, parallel resonances also
arise due to the circuit typology. The resulting parallel resonant frequency is always
smaller than its series resonant frequency due to the source inductance contribution
[15]. In the example shown in Figure 2.8 the resonance frequencies can be calculated
as follows:

hrparallel =

�
XC

XT +Xsource

(2.25)

hrseries =

�
XC

XT

(2.26)
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Figure 2.8: Frequency response of a system with series resonance [15].

After reviewing the effects of system resonance in power networks, it comes straight-
forward the conclusion that the system resonant condition, either in series or parallel, is
the most significant way in which the harmonic distortion can affect a power network,
not only because it could generate over voltages or over currents, but also because it
magnifies the harmful effects of harmonic components into equipments, mentioned in
the previous section. Therefore, it is important to be able to analyze the system fre-
quency response characteristics and to avoid system resonance problems.

Figure 2.9: Simple circuit for hand calculations [57].

The IEEE Standard 519-1992 [57] recommends that if a system can be reduced
to the circuit shown in Figure 2.9, the system frequency response can be manually
calculated applying Equation (2.21), (2.22) or (2.23), depending on the data available.
Instead, if the system to be analyzed is more complicated, computer simulations are
usually required.

Computer programs usually are able to perform analyses including:

1. Frequency scans for system response
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2. Response to multiple harmonic sources

3. Multiphase, unbalanced system solutions

The most common method employed in a computer program for harmonic analysis
is a direct solution of the admittance matrix at multiple frequencies. With this type of
solution, nonlinear devices are modeled as ideal voltage sources or current sources at
the harmonic frequencies. Another approach that has been used for harmonic simula-
tions has been termed harmonic load flow [57]. The load flow equation formulation
uses the power constraints at the load and source nodes.

2.3 Voltage Quality Standards

2.3.1 IEEE Standard 519-1992

Harmonic currents produced by non-linear loads mentioned in previous sections,
can give rise to voltage and current harmonic distortion in many places of the system.
Therefore, efforts are made to limit harmonic distortions in the power networks. The
IEEE Standard 519-1992 [57] proposes a participation of both parts of the system: the
end users, by limiting the harmonic current injection, and the utilities, by not accen-
tuating the harmonic currents. The limits can be established at the point of common
coupling (PCC), a point of metering, or any point as long as both the utility and the
consumer can either access the point for direct measurement of the harmonic indices
meaningful to both or can estimate the harmonic indices at point of interference (POI)
through mutually agreeable methods. The point of common coupling is defined as a
point between end user or customer and the utility system where another customer can
be served [15].

Recommended Limits for End Users

According to IEEE Standard 519-1992, good harmonic indices are characterized as
follows:

1. The values given by the harmonic indices should be physically meaningful and
strongly correlated to the severity of the harmonic effects.

2. It should be possible to determine by measurements whether or not the limits of
the harmonic indices are met.
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3. Harmonic indices should be simple and practical so that they can be widely used
with ease.

However, the harmonic effects can change substantially depending on the char-
acteristics of the equipment affected. Therefore, the severity of the harmonic effects
imposed on all types of equipment cannot be perfectly correlated to a few simple in-
dices. Moreover, the harmonic characteristics of the utility circuit seen from the PCC
often are not known accurately. Thus, the indices are not enough by themselves and
strict adherence to the recommended harmonic limits will not always prevent problems
from arising. Then always good judgments are required to complete the analysis.

The consumer task are to confirm:

1. That power factor correction capacitors or harmonic filters are not being over-
stressed by excessive harmonics.

2. The absence of series or parallel resonance.

3. That the level of harmonics at PCC and utilization points is not excessive.

Based on the characteristics mentioned before, the recommended harmonic indices
are: depth of notches, total notch area, and distortion of bus voltage distorted by com-
mutation notches (low-voltage systems), individual and total voltage distortion, and
individual and total current distortion.

Individual and total voltage distortion

The total harmonic distortion (THD) is used to define the effect of harmonics on the
power system voltage [57]. It is used in low-voltage, medium-voltage, and high-voltage
systems. It is expressed as a percent of the fundamental and is defined as follows:

THD =

�
sum of all squares of amplitude of all harmonic voltages

square of the amplitude of the fundamental voltage
∗ 100% (2.27)

THD =

����
hmax�

h=2

V
2
h

V1
∗ 100% (2.28)

The total harmonic distortion factor (THD) and the notch area of the line-to-line
voltage at PCC should be limited as shown in Table 2.1.
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Table 2.1: Low-voltage distortion limits [57].

Special General Dedicated
Applications System System

THD (voltage) 3 % 5 % 10 %
Notch Area (V.µs) 16 400 22 800 36 500

Individual and total current distortion

The current distortion limits are developed with the scope of limit is the harmonic
injection from individual customers so that they will not cause unacceptable voltage
distortion levels for normal system characteristics and limit the overall harmonic dis-
tortion of the system voltage supplied by the utility.

The harmonic voltage distortion on the system is function of the total injected har-
monic current and the system impedance at each of the harmonic frequencies. The total
injected harmonic current will depend, naturally, on the number of individual customers
injecting harmonic currents and the size of each customer. Therefore, the IEEE Stan-
dard 519-1992 establishes the limits depending on the customer size. Larger customers
have more stringent limits because they represent a larger portion of the total system
load. Table 2.2 shows the individual harmonic current limits expressed in percent of
this maximum load (demand) current. The customer size is expressed as the ratio of
the short-circuit current capacity, at the customers point of common coupling with the
utility, to the customer’s maximum load current.

Table 2.2: Basis for harmonic current limits [57]

SCR at Maximun Individual Frequency Related
PCC Voltage Harmonic (%) Assumption

10 2.5-3.0 Dedicated system
20 2.0-2.5 1-2 large customers
50 1.0-1.5 Few relatively large customers
100 0.5-1.0 5-10 medium size customers

1000 0.05-0.10 Many small customers

The current distortion limits shown in Table 2.2 were developed assuming some
diversity between the harmonic currents injected by different customers. It means that
injection currents of different harmonic orders were assumed with differences in the
phase angles, or differences in the harmonic injection vs. time profiles for each end
costumer or group of customers. If individual customers meet the current distortion
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2 – Harmonic Distortion

limits, and there is not sufficient diversity between individual customer harmonic in-
jections, then it may be necessary to implement some form of filtering on the utility
system to limit the voltage distortion levels.

More specific limits for general distribution, subtransmission and transmission sys-
tems are shown in Table 2.3. They are also expressed in percent of the maximum load
current IL and divided by the size of the system, expressed as the ratio of the short-
circuit current capacity, at the PCC, to the customer’s maximum load current. There
are listed just the limits for the characteristics (odd) harmonics, the amplitudes of the
noncharacteristic harmonic orders are less than 25% of the limits specified.

Table 2.3: Current distortion limits for general distribution, subtransmission and trans-
mission systems [57]

ISC/IL h < 11 11 ≤ h < 23 17 ≤ h < 23 23 ≤ h < 35 35 ≤ h

Vn ≤ 69kV
< 20 4.0 2.0 1.5 0.6 0.3

20− 50 0.7 3.5 2.5 1.0 0.5
50− 100 10.0 4.5 4.0 1.5 0.7
100− 1000 12.0 5.5 5.0 2.0 1.0
> 1000 15.0 7.0 6.0 2.5 1.4

69kV < Vn ≤ 161kV
< 20 2.0 1.0 0.75 0.3 0.15

20− 50 3.5 1.75 1.25 0.5 0.25
50− 100 5.0 2.25 2.0 0.75 0.35
100− 1000 6.0 2.75 2.5 1.0 0.5
> 1000 7.5 3.5 3.0 1.25 0.7

Vn > 161kV
< 50 2.0 1.0 0.75 0.3 0.15
≥ 50 3.0 1.50 1.15 0.45 0.22

The limits listed in Table 2.3 are recommended as system design values for the
“worst case” in normal operation (conditions lasting longer than one hour). For shorter
periods, during start-ups or unusual conditions, the limits may be higher and can be
obtained multiplying the values of the table by 1.5. Also if the limits are being ap-
plied to systems with harmonic-producing loads consisting of phase shift transformers
or converters with pulse numbers (q) higher than six, the limits for the characteristic
harmonic orders are increased by a factor equal to

�
q/6.

Usually, in term of current speaking, instead of use the THD indice, is defined
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2 – Harmonic Distortion

the total demand distortion (TDD). The load current may vary significantly according
to the load, thus an index defined as the THD, where the denominator is the actual
amplitude of the fundamental component, can also vary giving not reliable results. As
in example, if the load current is small, the THD will be large, even if there is not that
much of harmonic distortion. To avoid this problem, the TDD is defined with respect to
the fundamental component of the maximun demand load current at the PCC (IL). This
current can be calculated as the average of the maximun monthly demand currents for
the previous 12 month or it can be estimated in case of lack of information. Equation
2.29 shows the mathematical definition of the TDD and table 2.4 the maximun leves of
TDD proposed by [57].

TDD =

����
hmax�

h=2

I
2
h

IL
∗ 100% (2.29)

Table 2.4: Total demand distortion (TDD) limits [57]

ISC/IL Vn ≤ 69kV 69kV < Vn ≤ 161kV Vn > 161kV

< 20 5.0 2.5 2.5
20− 50 8.0 4.0 2.5
50− 100 12.0 6.0 3.75
100− 1000 15.0 7.5 3.75
> 1000 20.0 10.0 3.75

Recommended Limits for Utilities

Harmonic evaluations on the utility system are done to determinate the condition of
the voltage distortion for all customers. The limits to establish the acceptability or not
of the THD are shown in Table 2.5 and, as in Table 2.3, defined to be used as system
design values for the “worst case” for normal operation (conditions lasting longer than
one hour). For shorter periods, during start-ups or unusual conditions, the limits may
be exceeded by 50%.

An important difference between the limits recommended by [57] for end users
and those recommended for utilities is in the definition of the THD. In the second
case is expressed as a function of the nominal system rms voltage (Vn) rather than of
the fundamental frequency voltage of the fundamental frequency voltage magnitude
at the time of measurement. This allows the evaluation of the voltage distortion with
respect to fixed limits rather than limits that fluctuates with the system voltage (the
same advantage as the TDD for the current distortion evaluation).
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Table 2.5: Harmonic voltage distortion limits in percent of Vn [57]

Bus voltage Individual harmonic
at PCC voltage distortion (%)

Vn ≤ 69kV 5.0
69kV < Vn ≤ 161kV 2.5

Vn > 161kV 1.5

2.3.2 IEC 61000

The International Electrotechnical Commission (IEC) has defined a category of
electromagnetic compatibility (EMC) standards that deal with power quality issues.
It is divided in six parts:

1. IEC 61000-1-x: General.

2. IEC 61000-2-x: Environment.

3. IEC 61000-3-x: Limits.

4. IEC 61000-4-x: Testing and measurement techniques.

5. IEC 61000-5-x: Installation and mitigation guidelines.

6. IEC 61000-6-x: Miscellaneous.

The parts related to the harmonic distortion are IEC 61000-2 and IEC 61000-3. This
section focuses on the standards dealing with harmonic of these specific parts.

IEC 61000-2-2

Defines the compatibility levels for individual harmonics in the low-voltage net-
work: up to 240 V for single-phase systems and 415V for three-phase systems. The
levels are shown in Table 2.6 given as a percentage of the fundamental component.
They are not rigid and can be exceeded in a few exceptional conditions.
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Table 2.6: Compatibility levels for individual harmonics in the low-voltage network
according to IEC 61000-2-2.

Not multiple of 3 Multiple of 3
Odd Harmonic Odd Harmonic Even Harmonic

Order Voltage (%) Order Voltage (%) Order Voltage (%)
5 6 3 5 2 2
7 5 9 1.5 4 1
11 3.5 15 0.3 6 0.5
13 3 21 0.2 8 0.5
17 2 >21 0.2 10 0.2
19 1.5 12 0.2
23 1.5 >12 0.2
25 1.5
>25 0.2+1.3*25/h

IEC 61000-3-2

Defines limits for harmonic current emission from equipment absorbing currents
up to 16 A. The limits are established in a way to ensure that the voltage in the public
network satisfies the compatibility limits defined in IEC 61000-2-2. The equipment are
divided in four classes and the limits are defined for each one of them:

• Class A: balances three-phase equipment and all other equipments that doesn’t
falls in any other category.

• Class B: portable tools.

• Class C: lighting equipment.

• Class D: equipment with and input power of less than 600 W and input current
with a characteristic waveform well specified in the standard.

IEC 61000-3-4

Analog to IEC 61000-3-2 but defines the harmonic currents emission for equip-
ments working with inputs currents values between 16 A and 75 A.
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Table 2.7: Harmonic current limits for class A equipment according to IEC 61000-2-2.

Max. permissible Max. permissible
Odd order h harmonic current Even order h harmonic current

order (A) order (A)
3 2.3 2 1.08
5 1.14 4 0.43
7 0.77 6 0.3
9 0.4 8 to 40 0.23*8/h

13 0.21
11 to 39 0.15*15/h

Table 2.8: Harmonic current limits for class C equipment according to IEC 61000-2-2.

Max. permissible
Harmonic order h harmonic current

order Ih/I1 (%)
2 2
3 30*(circuit power factor)
5 10
7 7
9 5

11 to 39 3

IEC 61000-3-6

Specifies limits of harmonic current emission for equipment connected to medium-
voltage (1kV ≤ Vn ≤ 35kV) and high-voltage supply systems (35 kV ≤ Vn ≤ 130

Table 2.9: Harmonic current limits for class D equipment according to IEC 61000-2-2.

Max. permissible harmonic current
Harmonic order h per watt (mA/W) (A)

2 3.40 2.30
5 1.90 1.14
7 1.00 0.77
9 0.50 0.40

13 0.35 0.33
11 to 39 3.86/h See Table 2.7

28



2 – Harmonic Distortion

Table 2.10: Harmonic current limits according to IEC 61000-3-4.

Max. permissible Max. permissible
Harmonic order h harmonic current Harmonic order h harmonic current

order Ih/I1 (%) order Ih/I1 (%)
3 21.6 19 1.1
5 10.7 21 0.6
7 7.2 23 0.9
9 3.8 25 0.8

11 3.1 27 0.6
13 2.0 29 0.7
15 0.7 31 0.7
17 1.2 33 0.6

kV). Two kind of levels are defined in this standard: compatibility levels and planning
levels. The compatibility level is usually established empirically so that the equipment
is compatible with its environment can be achieved the 95% of the time. Planning levels
are design criteria or levels specified by the utility cmpany, they are more stringent than
compatibility levels.

Table 2.11: Compatibility levels for harmonic Voltages (in percent of fundamental) for
LV and MV systems according to IEC 61000-3-6.

Not multiple of 3 Multiple of 3
Odd Harmonic Odd Harmonic Even Harmonic

Order Voltage (%) Order Voltage (%) Order Voltage (%)
5 6 3 5 2 2
7 5 9 1.5 4 1

11 3.5 15 0.3 6 0.5
13 3 21 0.2 8 0.5
17 2 >21 0.2 10 0.5
19 1.5 12 0.2
23 1.5 >12 0.2
25 1.5
>25 0.2 + 1.3 *25/h
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Table 2.12: Planning levels for harmonic Voltages (in percent of fundamental) for MV
systems according to IEC 61000-3-6.

Not multiple of 3 Multiple of 3
Odd Harmonic Odd Harmonic Even Harmonic

Order Voltage (%) Order Voltage (%) Order Voltage (%)
5 5 3 4 2 1.6
7 4 9 1.2 4 1

11 3 15 0.3 6 0.5
13 2.5 21 0.2 8 0.4
17 1.6 >21 0.2 10 0.4
19 1.2 12 0.2
23 1.2 >12 0.2
25 1.2
>25 0.2 + 0.5*25/h

Table 2.13: Planning levels for harmonic Voltages (in percent of fundamental) for HV
and EHV systems according to IEC 61000-3-6.

Not multiple of 3 Multiple of 3
Odd Harmonic Odd Harmonic Even Harmonic

Order Voltage (%) Order Voltage (%) Order Voltage (%)
5 2 3 2 2 1.6
7 2 9 1 4 1

11 1.5 15 0.3 6 0.5
13 1.5 21 0.2 8 0.4
17 1 >21 0.2 10 0.4
19 1 12 0.2
23 0.7 >12 0.2
25 0.7
>25 0.2 + 0.5*25/h

2.3.3 EN 50160

Is an European standard designed to meet the supply quality requirements for Eu-
ropean utilities. It defines harmonic voltage limits at the costumer’s supply terminal
or in public low-voltage (230 V ≤ Vn ≤ 1kV) and medium-voltage (1kV ≤ Vn ≤
35 kV) electricity distribution systems under normal operating conditions. The limits
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Table 2.14: Limits for total harmonic distortion according to IEC 61000-3-4.

THD (%)
Compatibility levels for LV and MV systems 8

Planning levels for MV systems 6.5
Planning levels for HV and EHV systems 6.5

are defined as a percentage of the fundamental component for the firsts 40 harmon-
ics, higher-order harmonics are too small and results irrelevant as references values. Is
established as a limit to the total harmonic distortion of the supply voltage, including
harmonic up to 40 order, should not exceed 8%.

Table 2.15: Harmonic Voltages limits at the supply terminals according to EN 50160.

Not multiple of 3 Multiple of 3
Odd Harmonic Odd Harmonic Even Harmonic

Order Voltage (%) Order Voltage (%) Order Voltage (%)
5 6 3 5 2 2
7 5 9 1.5 4 1

11 3.5 15 0.3 6 to 24 0.5
13 3 21 0.2
17 2
19 1.5
23 1.5
25 1.5
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Chapter 3

Power System Analysis

The most important and basic tool in the field of power system engineering is the
load-flow or power-flow analysis. It is used in the operational as well as planning
stages. Typically the data known prior to the analysis are the three-phase voltages of
the slack node or nodes (the substation in the distribution system case) and the complex
power of all the loads and model of the system components and loads. Sometimes, the
input complex power supplied to the feeder from the substation is also known. From
these data, the load-flow analysis of a feeder can determine the following by phase and
total three-phase parameters:

• Voltage magnitudes and angles at all nodes of the feeder.

• Active and reactive power flow in each line section.

• Branch currents specified in magnitude and angle, or magnitude and power factor.

• Power loss in each line section.

• Total feeder active and reactive power inputs.

• Total feeder power losses.

• Loads actual active and reactive power consumption.

Since the invention and widespread use of digital computers, many methods for
solving the load-flow problem have been developed. Most of the methods have built
up for transmission systems analysis. The most widely used are the Newton-Raphson
based ones or its derivations, like the fast decoupled method. The power-flow analysis
of a distribution feeder is similar to that of an interconnected transmission system.
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3 – Power System Analysis

However, distribution networks having special features need a different approach for
their load flow analysis.

When the system is in presence of several nonlinear loads, it can be necessary to
carry out a harmonic load flow to be able to determine the distortion level in the sys-
tem and the damages that it can produce to the system components, with the aim of
developing accurate solution to the problems that may arise. The increase of power
electronic devices in the last decades is making this kind of analysis an important and
every day more frequently used tool.

The methods used in this project is a harmonic load flow to be applied in distribu-
tion systems, therefore this chapter will be centered on the description of this kind of
network analysis.

3.1 Distribution System Analysis

The principal characteristics that distinguish a distribution network from the trans-
mission system are:

1. Large number of nodes to be represented.

2. High R/X ratios of the feeders.

3. Unbalanced multiphase loads, therefore unbalanced system operation.

4. Radial Structure.

The first two characteristics are the ones that make the Newton-Raphson approaches
difficult to apply in distribution systems. The unbalanced operation of the system make
more complex the analysis because it requires more accurate three-phase models of
the system components instead of per phase equivalent ones. The last characteristic
mentioned, the radial structure, is actually a positive one that simplifies the analysis.
Even if the network have not a totally radial or three structure, there are techniques to
apply these methods to a weakly meshed network that are explained in section 3.1.2.

The first approaches to solve the problems of the distribution networks analysis
and take advantage of its radial structure were based on a direct solution, using the
impedance matrix of the unbalanced network and the Zbus Gauss method, as in [19]
and [10]. These methods have the advantage over Newton-Raphson that they don’t
need to calculate a Jacobian matrix at each iteration, but the much more simple Ybus
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matrix. Also, if the only voltage specified bus in the system is the slack bus, its the
rate of convergence is comparable to the Newton-Raphson approach. Subsequently,
other techniques were developed, some of them based on the classical Newton-Raphson
approach [52], others in a phase decoupled method [54]. But over the years, there is one
method that has emerged to prove it effectiveness in the analysis of radial distribution
systems compared to the traditional Gauss–Seidel and Newton–Raphson methods [28].
It is the backward/forward sweep method, that some authors have even call it to be “the
most efficient and fast for solving the load flow of radial distribution systems” [30].
This method models the distribution network as a tree with the slack bus being the root.
Primarily the backward sweep step sums either the line currents or power flows from
the extremities to the root. Then, the forward sweep calculates the voltage drop at each
branch, providing updates to the voltage profile based on the current estimates of the
flows.

The proposed method in this project is based on the backward/forwad sweep tec-
niche, therefore this is centred in the description of this specific method and its appli-
cation to radial and weakly meshed networks.

3.1.1 Backward-Forward Sweep

The first step to apply the backward/forward sweep method is to define the structure
of the netwok, by labeling correctly each branch and each node. It will be adopted the
same nomenclature as in reference [7].

Figure 3.1: Example of the node labeling in a radial network

In a radial network composed by n+1 nodes being fed at a constant feeding voltage,
the node where is applied the constant voltage is denominated the root node and labeled
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as node 0. The other nodes are numbered sequentially in ascending order proceeding
from layer to layer, as shown in Figure 3.1. For each ith node, is defined the path(i)
as the ordered list of the nodes encountered starting from the root (not included) and
moving to the ith node (Figure 3.2). It can be seen that any path from the root node to
a terminal node encounters nodes numbered in the ascending order. Furthermore, each
node belongs to a layer, which represents the position of the node in the network and its
value is equal to the dimension of the ith path. Each branch starts from the sending bus
and is identified by the number of its unique ending bus, that will be always in a higher
level. The branches are numbered beginning from the the root node and are identified
by the number of its unique ending bus, i.e. the branch between node 3 and node 7 is
the branch #7.

Figure 3.2: Example of a path: path(11) = {1,3,7,8,11}

The next step is to define the node-to branch incidence matrix L and its inverse
Γ =L−1. As the root node is not included, both matrix will have dimensions n × n.
The criterion to fill the L matrix is to assume for each branch a conventional value 1
for the sending bus and −1 for the ending bus, in mathematical terms:

lij =






−1 if i=j
1 if j = sending bus
0 otherwise

(3.1)

where lij is the generic component of the L matrix. The generic component γij of the
Γ matrix is defined by:

lij =

�
−1 if j ∈ path(i)
0 otherwise (3.2)

In the absence of mutual coupling between branches, it is possible to build the
matrix Γ directly by visual inspection, without inverting the matrix L. With a proper
arrangement of the computational program, it is also possible to avoid the storage of
the elements of the matrices L and Γ [7].
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For the system in Figure 3.1, the two matrices are written as follows:

L =





−1 0 0 0 0 0 0 0 0 0 0
1 −1 0 0 0 0 0 0 0 0 0
1 0 −1 0 0 0 0 0 0 0 0
0 1 0 −1 0 0 0 0 0 0 0
0 1 0 0 −1 0 0 0 0 0 0
0 0 1 0 0 −1 0 0 0 0 0
0 0 1 0 0 0 −1 0 0 0 0
0 0 0 0 0 0 1 −1 0 0 0
0 0 0 0 0 0 1 0 −1 0 0
0 0 0 0 0 0 0 1 0 −1 0
0 0 0 0 0 0 0 1 0 0 −1





(3.3)

Γ =





−1 0 0 0 0 0 0 0 0 0 0
−1 −1 0 0 0 0 0 0 0 0 0
−1 0 −1 0 0 0 0 0 0 0 0
−1 −1 0 −1 0 0 0 0 0 0 0
−1 −1 0 0 −1 0 0 0 0 0 0
−1 0 −1 0 0 −1 0 0 0 0 0
−1 0 −1 0 0 0 −1 0 0 0 0
−1 0 −1 0 0 0 −1 −1 0 0 0
−1 0 −1 0 0 0 −1 0 −1 0 0
−1 0 −1 0 0 0 −1 −1 0 −1 0
−1 0 −1 0 0 0 −1 −1 0 0 −1





(3.4)

The root node is defined by the following known parameters:

• V0 : root node voltage. Usually it is assumed the angle of the root voltage as
reference for the system, leading to V0 = V0 ∗ ej∗0.

• I0 : net current injected in the root node.

• YS0 : total shunt admittance due to the shunt line parameters and to the equivalent
admittance of the load connected to the root node.

The electrical variables at every node different to the root node are the following
vectors:

• v =
�
V1, . . . ,Vi, . . . ,Vn

�T : node voltages.
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• iS =
�
IS1, . . . ,IS2, . . . ,ISn

�T : total shunt currents. Includes the currents ab-
sorbed by shunt line admittances and the load currents.

• SL =
�
SL1, . . . ,SL2, . . . ,SLn

�T : complex load powers.

In addition, are defined the branch currents vector and the diagonal impedance ma-
trix as follows:

• iB =
�
IB1, . . . ,IB2, . . . ,IBn

�T : branch currents circulating in the series line
impedance.

• ZB ∈ C
n,n : containing the series impedance of the branches.

• Y B = Z
−1
B

∈ C
n,n : containing the series admittance of the branches.

• Y S ∈ C
n,n : containing the total shunt admittance at each node, due to the

contribution of the shunt line parameters and of the equivalent load admittance,
that depends on the equivalent load model (detailed explanation can be find in
section 4.1.3).

Once the system is defined according to the conventional parameters for the method
and the initial bus voltage vector is defined, the solution method can be applied. The
backward/forward sweep method for the load-flow computation is an iterative method
in which, at each iteration, two computational stages are performed [7]:

• Backward Current Sweep:
At each kth iteration, the shunt currents (i(k)

S
) are computed on the basis of the

voltage vector at the previous iteration (v(k−1)):

i
(k)
S

= f(v(k−1)) (3.5)

The branch currents are calculated as the summation of the injection currents
from the receiving bus toward the sending bus of the feeder:

i
(k)
B

= ΓT ∗ i(k)
S

(3.6)

where the ΓT matrix serves as a filter applied to the shunt currents vector to con-
sider for each branch, only the current injections located in the path from that
node and to the root.
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• Forward Voltage Sweep:

Once the branch currents are known, the bus voltages can be calculated from the
sending bus toward the receiving bus on the feeder. They are updated on the basis
of the voltage at the root node and of the voltage drops on the distribution lines
evaluated using the branch current obtained in the backward stage:

v
(k) = 1 ∗ V 0 − Γ ∗ZB ∗ i(k)

B
(3.7)

where 1 is a n× 1 vector composed of all unity terms.

The backward and forward stages are repeated iteratively, until the stop criterion is
reached. This criterion is expressed in Equation (3.8), which means that the difference
between the load voltages computed at the current iteration and at the previous iteration
has to be lower than a specified tolerance (ε). If the stop criterion is not reached after
the maximun number of iteration established, the method could be diverging. Consid-
erations on the convergence of the backward/forward sweep method are illustrated in
[7].

maxi






���V (k+1)
i

− V
(k)
i

���
���V (k)

i

���




 < ε for i = 1, . . . ,n (3.8)

Every node current is calculated as a function of corresponding node voltage com-
puted at the previous iteration, therefore if Equation (3.6) and Equation (3.7) are com-
bined, it can be seen that every bus voltage is also a function of the corresponding node
voltage computed at the previous iteration:

v
(k) = 1 ∗ V 0 − Γ ∗ZB ∗ ΓT ∗ i(k)

S
(3.9)

i
(k)
S

= g(v(k−1)) (3.10)

v
(k) = f(v(k−1)) (3.11)

From Equation (3.11) can be recognized the Gauss-type numerical form of the
backward/forward sweep method. In a Gauss-type numerical method with an iterative
process that can be written according to Equation (3.13), is known from the numerical
analysis [35] that the iterative process converges if and only if:

ρ(B) < 1 (3.12)
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x
(k) = B ∗ x(k−1) + c (3.13)

where ρ(B) is maximum absolute eigenvalue of the matrix B. Furthermore, considering
any norm ||B|| of the matrix B consistent with a vector norm, then:

ρ(B) ≤ ||B|| (3.14)

From Equations (3.12) and Equation (3.14) a sufficient condition for convergence
can be taken as:

||B|| < 1 (3.15)

In the specific case of the BFS method, Equation (3.13) can be written as [7]:

v
k) = B

(k−1) ∗ v(k−1) + v
(0) (3.16)

B
(k−1) = Γ ∗ZB ∗ ΓT ∗ Y (k−1)

S
(3.17)

Reference [7] proposes two ranges of convergence for the method when all loads
are assumed to be modeled as constant admittances, Equations (3.18) and (3.19), being
the second one the less restrictive sufficient condition for convergence:

||B||1 < ||ΓT ||1 ∗ ||ZB||1 ∗ ||Γ||1 ∗ ||Y S||1 < 1 (3.18)

||B||1 < ||ΓT ∗ZB ∗ Γ||1 ∗ ||Y S||1 < 1 (3.19)

where:
||ΓT ||1 is the number of network layers, which can vary from 1 (star

topology) to n (unique feeder).
||Γ||1 is the maximum number of buses located after any node of the

system. It will be equal to n if the root node is connected to a
unique node.

||ZB||1 is the maximum magnitude of a single branch impedance.
||Y S||1 is the maximum magnitude of a shunt admittance.

From Equation (3.18) it can be seen that any modification on the system that leads to
a increase of any load, series impedance of a branch increase, number of network layers
or number of network nodes, will move the solution point closer to the convergence
point.

39



3 – Power System Analysis

Figure 3.3: Two-node system.

In the case of a two bus system, as the one shown in Figure 3.3 the convergence
condition becomes:

Z ∗ Y (∞)
< 1 (3.20)

where Y (∞) is the load admittance at the solution point. The limit condition Z ∗ Y (∞) = 1
corresponds to the maximum power delivered to a load with given power factor. If the
modulus Z of the line impedance and the power factor of the load are known, the max-
imum power does not depend on the type of load model (constant admittance, constant
power, etc.). Thus, the convergence of the iterative method is assured for any load
power up to the maximum power. Furthermore, it is not possible to converge to a so-
lution point located on the lower branch of the V(P) curve (Figure 3.4), since all the
points on the lower branch have an equivalent admittance higher than Y

(∞) and the
condition (3.20) is not satisfied [7]. This is a very important difference with respect to
other load-flow algorithms as Newton- Raphson, which can also find the solutions on
the lower branch of the V(P) curve.

According to the maximum power transfer theorem, the maximum power will be
delivered to the load if:






Re
�
Z
�
= Re

�
1

Y
(∞)

�

Im
�
Z
�
= −Im

�
1

Y
(∞)

� (3.21)

The condition mentioned before, reppresents the resonant operation point for the
two node system. Therefore, this method has to be applied very carefully and with
some modifications to analysis that includes harmonic frequencies.
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Figure 3.4: V(P) curve for the two-node system [7].

3.1.2 Weakly Meshed Network Treatment

When a distribution feeder is serving high-density load areas, it can operate with
loops created by closing normal open tie switches. The radial network solution algo-
rithm can not be directly applied to this kind of network. Nevertheless, by selecting
some breakpoints in the network and following the procedure proposed in [40], it can
be converted to a radial configuration and the proposed method introduced in the pre-
vious section can be applied.

The procedures consist of applying the following series of steps for each iteration:

1. Interrupt the branch currents of the loops in the network by the creation of a
breakpoint in each one. This will convert the breakpoint node k in two nodes k1
and k2, giving as a result a radial network.

2. Inject two currents Jk1 and Jk2 with equal module but opposite polarity at the two
end nodes created at the breakpoint (Figure 3.5). The module of these currents
will be equal to the current flowing though the branch of the original loop Jk.
This way, there will be no alteration of the network operating condition.

3. Solve the network using the backward forward sweep based method described
in the previous section, considering Jk1 and Jk2 as current injections in their
respective buses.

4. Verify that the difference between the voltages at the two nodes k1 and k2 is
below an established tolerance. If it is, the procedure is finished. If it is not, a
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Figure 3.5: (a) Weakly meshed network (b) Breakpoint representation using nodal cur-
rent injections

compensation method needs to be apply.

To calculate the values of the injection currents at the breakpoints it is used the
compensation method [46]. It is an iterative method that solves the following equation
system:

�V = �Z ∗ �J (3.22)





�
V i

...
�
V k

...
�
V p





=





�zii · · · �zik · · · �zip
... . . . ...
�zki · · · �zkk · · · �zkp
... . . . ...
�zpi · · · �zpk · · · �zpp




∗





�
J i

...
�
Jk

...
�
Jp





(3.23)

where �
V k is the voltage difference between the two nodes k1 and k2 after the cut of

the breakpoint k. The matrix �Z is calculated one column at a time. Its kth column is
obtained setting �

Jk = 1p.u. and all the other currents equal to zero �
J i /=k = 0. This

corresponds to the application of 1 p.u. current at the breakpoint k with all loads and
the source at the root node removed. In the absence of loads, the accurate solution of
the power flow for the radial network can be reached in just one iteration. The resulting
kth column is equal to the voltage difference at the breakpoints:

�Zk = �V
����
Jk=1;�Ji /=k=0

(3.24)
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Numerically, the diagonal elements of the matrix �zii are equal to the sum of the
line impedance in for all the line sections in loop i. The off-diagonal elements �zij
are nonzero only if loop i and loop j share one or more common line sections, the
corresponding sign depends on the relative direction of the breakpoint current injections
for loops i and j.

The impedance matrix calculated from Equation (3.24) will be constant during the
following iterative process:

1. It is calculated the voltage differences vector �V
(m)

at the mth iteration. It is done
solving the network with the BFS method, using the �J

(m−1)
vector calculated at

the previous iteration. The initial values of the breakpoint currents are zero.

2. The convergence criterion is evaluated. If the maximum breakpoint voltage dif-
ference is within prescribed limits or the variation of this difference does not ex-
ceed a specified tolerance for NS successive iterations, exit the iterative process,
if it is not continue with steps 3, 4 and 1.

3. It is calculated the incremental change in the breakpoint currents al the mth iter-
ation (∆ �J

(m)
).

�V
(m)

= �Z ∗∆ �J
(m)

(3.25)

4. The breakpoint currents are updated :

�J
(m)

= �J
(m−1)

+∆ �J
(m)

(3.26)

Figure 3.6 shows the extension of the compensation method, where compensation
currents must be injected to all three phases with opposite polarity at the two end nodes,
k1 and k2. The procedure is the same explained above, the only difference is that matrix
and vectors dimensions will be tripled.

3.2 Harmonic Analysis

The purpose of harmonic analysis is to determine the distribution of harmonic cur-
rents and voltages levels in a power system, and then calculate harmonic distortion
indices. This analysis can be then used to the study of resonant conditions, harmonic
filter designs of other effects of harmonics on the power system in general.

The simplest harmonic analysis can be made modeling the network as a single har-
monic source in a single-phase network equivalent. This model is commonly used to
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Figure 3.6: Three phase breakpoint representation using nodal current injections

derive the system harmonic impedances at the point of common coupling in filter de-
sign. However, as mentioned in the previous section, the distribution networks are in
general unbalanced and may contain several harmonic sources. Therefore, the deriva-
tion of the harmonic voltages and currents existing in the network requires a multi-
source three-phase harmonic analysis.

The commonly used harmonic analysis algorithms can be divided into two cate-
gories [45]. The first category is based on the transient-state analysis techniques, such
as the time domain analysis and can be done based on time or frequency domain:

• Time Domain Simulation

The nonlinear and time-varying elements in the power system can significantly
change the interaction of the harmonics with the power system. Therefore, some
times for studying phenomena including non-linearity, switching operations, long-
time simulations, and control systems it is necessary to use the differential equa-
tions that represent the behavior of the power system components. This results
in a system of equations, usually nonlinear, that has to be solved by numerical
integration.

The two most commonly used methods are the state variable and the nodal anal-
ysis. The state variable solution was the first applied to ac-dc power systems [1],
but it is the nodal approach the one that has become most popular in the elec-
tromagnetic transient simulation of power system behavior because of its highly
efficiency.

Once the harmonic distortions have been calculated for the steady state in the
time domain, using of the Fast Fourier Transform (FFT) these can be converted
into the frequency domain. This operation requires considerable time. Another
problem of the time domain algorithm applied to harmonic studies is the difficulty
of modeling components with distributed or frequency-dependent parameters [4].
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• Frequency Domain Simulation

It consists of computing the harmonic current flow throughout the system for each
harmonic frequency and then apply the principle of superposition. The system
components are modeled to be a function of the frequency, so they have to be
recalculated for each power flow made.

It is appropriate for studying phenomena such as frequency dependence, system
equivalents, and frequency response at steady state.

If the harmonics generated by the nonlinear components are reasonably independent
of the voltage distortion level in the a.c. system, the derivation of the harmonic sources
models can be decoupled from the analysis of harmonic penetration, making a direct
solution possible. This kind of solution is also called current injection method because
most nonlinear loads have a behavior of a harmonic current sources in the system. In
such cases, the expected voltage levels or the results of a fundamental frequency load
flow are used to derive the current waveforms, and with them the harmonic content of
the nonlinear components.

Instead, when the power rating of the non linear loads in relation to the system short
circuit power is high, suppose an independency on the harmonic generated respect to
the voltage distortion level in the system, may led to a vague results. In these cases,
accurate results can only be obtained by iterative solution of the non linear equations
that describe the steady state as a whole [4].

3.2.1 Direct Harmonic Solutions

If the calculation of the harmonic sources can be decoupled from the analysis of
harmonic penetration, it is possible to apply a direct solution. It uses the expected
voltage levels or the results of a fundamental frequency load flow to derive the spectrum
of the currents injected by each non linear component into the linear system. Figure
3.8 shows the flow chart for the direct harmonic solution.

Taking as a valid hypothesis the superposition principle, the direct approaches di-
vide the network in several systems that are solved one at a time:

1. Fundamental System:

All the nonlinear loads are represented as linear loads absorbing just the funda-
mental component of the current. Usually the model adopted is the one with fixed
active and reactive power (see section 4.1.3).
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Figure 3.7: Network decomposition for the direct solution approach.

2. Harmonic Systems:
It is solved one system for each harmonic order of interest. In these systems the
non linear loads are represented by a current source and the network is modeled
as its equivalent Thévenin impedance. The values of the currents injected by the
harmonic sources are computed in one of the following ways:

• Notice a typical current spectrum of the load, usually obtained as a table
with the values of Ih/I1 for each harmonic order, the value of the harmonic
current source will be obtained multiplying the table data by the fundamen-
tal component obtained from the solution of the fundamental system.

• With specific model for each type of load. These models are usually impedances
which values are frequency-dependent. The most common models are ex-
plained in section 4.2.4.

Once all the currents injections are known, the voltage distortion level can be
computed from the linear system:

V
(h) =

�
Y

(h)
�−1

∗ I(h) (3.27)
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where:
I
(h) is the injected currents vector for the hth harmonic.

V
(h) is the bus voltage vector for the hth harmonic.

Y
(h) is the nodal admittance matrix for the hth harmonic.

Read Data

Selection of the nonlinear loads models at the
fundamental harmonic

Perform the fundamental analysis to obtain the
bus voltages and currents

Replace nonlinear loads by current sources at
hth harmonic order

Solve V
(h) =

�
Y

(h)
�−1

∗ I(h)
h = h+ 1

h = hmax?

End

yes

no

Figure 3.8: Structure diagram of the direct solution.

3.2.2 Iterative Harmonic Analysis

The increased power rating of modern HVDC and FACTS devices in relation to the
short circuit power, is making that the principle of superposition frequently does not
apply any more [4]. The harmonic injection from each source will be, in general, a
function of the harmonic injection by the other sources and the system state. In these
cases, accurate results can be only obtained by modeling the nonlinear loads coupled
with the system admittance matrix, or some other more complicated expressions of
the power system. Iterative algorithms, either sequentially or simultaneously, will be
generally required to obtain an accurate solution.
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In most of the commonly used iterative harmonic analysis, the initial estimate of
harmonic current injections by the harmonic sources are determined first and the net-
work bus harmonic voltages are computed. The estimates of the harmonic injection
currents are then updated with the harmonic voltages computed in the previous itera-
tion. This process is sequentially repeated until the convergence in the magnitude of
the harmonic voltages on each bus is reached. Figure 3.9 shows the flow chart for the
iterative harmonic solution.

Read Data

Selection of the nonlinear loads models at the
fundamental harmonic

Solve the network to obtain the bus voltages
and currents (load flow)

Calculate the currents Ih absorbed by each
nonlinear load from the models

Solve V
(h) =

�
Y

(h)
�−1

∗ I(h)
h = h+ 1

Convergence

h = hmax?

End

yes

yes

no

no

Figure 3.9: Structure diagram of the iterative solution.
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Chapter 4

Components Modeling

When a power system analysis is performed, its accuracy does not depend only on
the method applied to solve the equations, but a great part depends on the accuracy
of a well developed model of the network. In particular, if the system under analysis
has an elevate number of nonlinear loads and a further harmonic analysis is needed,
the component model has to be modified according to its behavior in presence of high
frequency sources.

This chapter describes the most common models used for the principal distribution
system components and loads, at both fundamental and harmonic frequencies.

4.1 Modeling At Fundamental Frequency

4.1.1 Transmission Lines

Distribution feeders are unbalanced, therefore assumptions regarding spacing be-
tween conductors, conductor size and transpositions have to be avoided for better re-
sults. Assuming the earth as infinite, uniform solid with a flat upper uniforms surface
and constant resistivity, John Carson [8] made use of conductor images to compute
the self and mutual impedances of a power line in general cases, including unbalanced
cases. Equations (4.1) and (4.2) shows the final result of Carson’s work.

zii = ri+4∗ω∗Pii∗G+j ∗
�
Xi + 2 ∗ ω ∗G ∗ ln

�
Sii

RDi

�
+ 4 ∗ ω ∗Qii ∗G

�
(4.1)
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zij = 4 ∗ ω ∗ Pij ∗G+ j ∗
�
2 ∗ ω ∗G ∗ ln

�
Sij

RDj

�
+ 4 ∗ ω ∗Qij ∗G

�
(4.2)

Xi = 2 ∗ ω ∗G ∗ ln
�

RDi

GMRi

�
(4.3)

Pij =
π

8
− 1

3 ∗
√
2
∗ kij ∗ cos(θij) +

k
2
ij

16
∗ cos(2 ∗ θij) ∗

�
0.6728 + ln

�
2

kij

��
(4.4)

Qij = −0.0386 +
1

2
∗ ln

�
2

kij

�
+

π

8
− 1

3 ∗
√
2
∗ kij ∗ cos(θij) (4.5)

kij = 8.565 ∗ 10−4 ∗ Sij ∗

�
f

ρ
(4.6)

where:
zii is the self impedance of conductor i in Ω/mile.
zii is the mutual impedance between conductor i and j in Ω/mile.
ri is the resistance of conductor i in Ω/mile. Typically known from a

table of conductor data.
G = 0.1609347 ∗ 10−3 Ω/mile.
RDi is the radius of conductor i in fts.
GMRi is the geometric mean radius of conductor i in fts.
ω = 2 ∗ π ∗ f .
f is the system frequency in Hz.
ρ is the resistivity of earth in Ω−m

Dij is the distance between conductors i and j in ft (Figure 4.1).
Sij is the distance between conductors i and image j

� in ft (Figure 4.1).
θij is the angle between line that joins conductor i to its own image i

�

and the one that joins conductor i to the image j
� (Figure 4.1).

Two simplifications can be made for simplify Carson’s equations [25]:

Pij =
π

8
(4.7)

Qij = −0.03860 +
1

2
ln

�
2

kij

�
(4.8)
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Figure 4.1: Conductors and images geometrical configuration.

Applying the previous simplifications to Equations (4.1) and (4.2), the modified
Carson’s equations can be obtained:

zii = ri+π
2∗f ∗G+j∗4∗π∗f ∗G∗

�
ln

�
1

GMRi

�
+ 7.6786 +

1

2
∗ ln

�
ρ

f

��
(4.9)

zij = π
2 ∗ f ∗G+ j ∗ 4 ∗ π ∗ f ∗G ∗

�
ln

�
1

Dij

�
+ 7.6786 +

1

2
∗ ln

�
ρ

f

��
(4.10)

Once computed the self and mutual impedances for a power line segment, it can
be written the primitive impedance matrix. Equation (4.11) shown this matrix for a
three-phase line consisting of m neutrals.

Zprim =





zaa zab zac | zan1 zan2 · · · zanm

zba zbb zbc | zbn1 zbn2 · · · zbnm

zca zcb zcc | zcn1 zcn2 · · · zcnm

−−− −−− −−− | − −− −−− −−− −−−
zn1a zn1b zn1c | zn1n1 zn1n2 · · · zn1nm

zn2a zn2b zn2c | zn2n1 zn2n2 · · · zn2nm

...
...

... | ...
...

...
znma znmb znmc | znmn1 znmn2 · · · znmnm





(4.11)

In most cases, different line configurations with different numbers of wires, are
used in the same system. This would lead to different orders of the primitive impedance
matrix, leading to complex calculations. Therefore, the primitive impedance matrices
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of all the elements of a system are reduced to the same dimensions, usually 3×3 matrix,
with the self and mutual equivalent impedances for the three phases. One standard
method to achieve this it is the Kron reduction [27], based on the Kirchhoff laws.

Figure 4.2: Representation of the impedances for a four-wire wye line segment.

For the four-wire multigrounded network of Figure 4.2, the Kirchhoff Voltage Law
can be written as:





V a

V b

V c

V n



 =





V
�
a

V
�
b

V
�
c

V
�
n




+





zaa zab zac zan

zba zbb zbc zbn

zca zcb zcc zcn

zna znb znc znn



 ∗





Ia

Ib

Ic

In



 (4.12)

To apply the Kron reduction method to this system, Equation (4.13) has to be writ-
ten as : 


V abc

−−−
V ng



 =




V

�
abc

−−−
V

�
ng



+




zij | zin

−−− | − −−
znj | znn



 ∗




Iabc

−−−
Ing



 (4.13)

Kron reduction consists in adding to the equations system (4.13) the two equations
4.14 and 4.15 for the neutral voltages and then apply a series of substitutions until arrive
to the final Equation (4.16). All the mathematical passages can be found in reference
[25].

V ng = 0 (4.14)

V
�
ng

= 0 (4.15)

Zabc = zij − zin ∗ z−1
nn

∗ znj (4.16)
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Z
� = Zabc =




zaa zab zac

zba zbb zbc

zca zcb zcc



 Ω/mile (4.17)

The shunt admittance of a line consists of the capacitive susceptance and the con-
ductance. The latter is usually neglected because of its small value compared to the
capacitive susceptance. To calculate the shunt capacitance of overheads lines, the same
concept of conductors and their images is apply, so all the distances in following equa-
tions are also referred to Figure 4.1.

For a four-wire grounded wye line, the primitive potential coefficient matrix can be
defined as follows [25]:

P prim =





Paa Pab Pac Pan

Pba Pbb Pbc Pbn

Pca Pcb Pcc Pcn

Pna Pnb Pnc Pnn



 =




P ij | P in

−−− | − −−
P nj | P nn



 (4.18)

Pii = 11.17689 ∗ ln
�

Sii

RDi

�
(4.19)

Pij = 11.17689 ∗ ln
�
Sij

Dij

�
(4.20)

Applying Kron reduction to Equation (4.18):

P abc = P ij − P in ∗ P−1
nn

∗ P nj (4.21)

The capacitance matrix is given by the inverse of the potential coefficient matrix,
then the phase shunt admittance, neglecting the shunt conductance, is given by:

Y
� = Y abc = j ∗ ω ∗ P−1

abc
µS/mile (4.22)

For undergrounds cable lines, the field created by the charged phase conductor does
not link to adjacent conductors, therefore the admittance matrix is formed only by the
diagonal terms [25]. The diagonal terms for concentric neutral cables are given by
Equation (4.23), while the ones for a tape-shielded cables are given by Equation (4.24).

yii = j ∗ 77.3619

ln

�
Rb

RDi

�
− 1

k
∗ ln

�
k ∗RDs

Rb

� µS/mile (4.23)
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where:
Rb is the radius in feet of the circle going through the center of the

neutral strands.
RDi is the radius in feet of the center phase conductor.
RDs is the radius in feet of neutral strands.
k is the number of neutral strands.

yii = j ∗ 77.3619

ln

�
Rb

RDi

� µS/mile (4.24)

and:
Rb is the radius in feet of circle going through the center of the tape

shield.
RDi is the radius in feet of the center phase conductor.

The parameters Z � and Y
� are the distributed parameters of a power line, and they

usually are not applied by themselves. An equivalent pi-circuit (Figure 4.3) is intro-
duced. The use of the equivalent pi-circuit allows to calculate voltages and currents
on its ends, but no intermediate points are considered. In any relation between voltage
and current in an intermediate point is desired, another equivalent pi-circuit have to be
determined from this point until the end.

Figure 4.3: Equivalent Pi-Line Model

For short lines (l < 150 miles), matrices Z and Y can be obtained straightforward
by multiplying Z

� and Y
� by the line length. However, if the lines can’t be considered

as short lines, the following equations have to be considered:

Z = Zc ∗ sinh(γ ∗ l) (4.25)

Y

2
=

tanh

�
γ ∗ l
2

�

Zc

(4.26)

γ =
√
z ∗ y (4.27)
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Zc =

�
z

y
(4.28)

where:
Zc is the characteristic impedance of the line (also known as surge

impedance).
γ is the propagation constant.
z and y are the distributed parameters of the line.

In the case of multiconductor transmission lines, the nominal pi-series impedance
and admittance per unit distance, Z’ and Y’, are m×m matrix, with m the number of
single-phase lines mutually coupled. In this case, the propagation constant is no longer
a scalar but a matrix:

γ =
√
Z

� ∗ Y � (4.29)

As the long-line model requires the evaluation of hyperbolic functions of this ma-
trix, and there is no direct way of calculate sinh or tanh of a matrix, it has to be
used the modal analysis employed in reference [18]. For a particular frequency, each
mode is associated with a certain distribution of voltage and current in the conductors,
a characteristic-impedance matrix and a propagation coefficient.

First it needs to expand the second order linear differential equations describing
wave propagation along a single line to be used for the multiconductor lines:

�
d
2
V

dx2

�
= Z

� ∗ Y � ∗ V (4.30)

�
d
2
I

dx2

�
= Y

� ∗Z � ∗ I (4.31)

After transforming the phase voltages to modal voltages with the proper transfor-
mation matrix T V , equal to the eigenvectors matrix of the Z

� ∗ Y � product, Equations
(4.30) and (4.31) can be written as:

�
d
2
Vmode

dx2

�
= Λ ∗ V mode (4.32)

�
d
2
Imode

dx2

�
= ∆ ∗ Imode (4.33)

where Λ is the diagonal matrix of the elements of eigenvectors of the Z
� ∗ Y � matrix.

For the current equation, T I and ∆ are defined analog to T V and Λ.

The propagation constant of each mode is the square root of the corresponding
element (eigenvalue) of the Λ matrix:

γmode,i =
√
γi (4.34)
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Λ =





γ1 · · · · · · 0
... γ2

...
... . . . ...
0 · · · · · · γj




(4.35)

The modal series impedance and shunt admittance must be computed from:

Z
�
mode

= T
−1
V

∗Z � ∗ T I (4.36)

Y
�
mode

= T
−1
I

∗ Y � ∗ T V (4.37)

Once Zseries,mode and Y shunt,mode have been calculated for each mode, Zseries and
Y shunt can be obtained by transforming back to the phase quantities:

Zseries = T V ∗Z � ∗ T−1
I

(4.38)

Y shunt = T I ∗ Y � ∗ T−1
V

(4.39)

In expanded form, Equations (4.38) and (4.39) can be written as [4]:

Zeq = l ∗Z � ∗M ∗
�
sinh(γ ∗ l)

γ ∗ l

�
∗M−1 (4.40)

Y eq = l ∗M ∗





tanh

�
γ ∗ l
2

�

γ ∗ l
2



 ∗M−1 ∗ Y � (4.41)

�
sinh(γ ∗ l)

γ ∗ l

�
=





sinh(γ1 ∗ l)
γ1 ∗ l

· · · · · · 0

...
sinh(γ2 ∗ l)

γ2 ∗ l
...

... . . . ...

0 · · · · · · sinh(γj ∗ l)
γj ∗ l





(4.42)
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



tanh

�
γ ∗ l
2

�

γ ∗ l
2



 =





tanh

�
γ1 ∗ l
2

�

γ1 ∗ l
2

· · · · · · 0

...
tanh

�
γ2 ∗ l
2

�

γ2 ∗ l
2

...
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0 · · · · · ·
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2

�

γj ∗ l
2





(4.43)
where:

Zeq and Y eq are the equivalent pi-series impedance and admittance.
M is the matrix of normalized eigenvectors.
γj is the jth eigenvalue for j/3 mutually coupled circuits.

4.1.2 Transformers

Three-phase transformers are usually modeled in terms of their symmetrical com-
ponents (positive, negative and zero sequence) under the assumption that the power
system being studied is balanced and its components are symmetrical. As mentioned in
the previous chapter, the distribution systems usually have unbalanced three-phase or
mono-phase lines and loads, making the system unbalanced. As a result, the models es-
tablished in positive, negative and zero sequence reference frame cannot be broken into
independent sequence models and the decoupling feature of other symmetrical element
models cannot be used further.

The method under study in this project is aimed to the distribution systems, there-
fore the transformer model presented in this section is in the a, b, c phases frame.
Even if there are few methods developed to be use in asymmetrical networks with the
sequence models [53], they still are the less common models applied to distribution
systems.

Figure 4.4 shows the elementary circuit of a three-phase transformer showing 12-
terminal coupled primitive network, consisting of three primary windings and three
secondary windings mutually coupled through the transformer core. The short-circuit
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Figure 4.4: Three-phase transformer

primitive matrix for this network is:

Y prim =





y11 y12 y13 y14 y15 y16

y21 y22 y23 y24 y25 y26

y31 y32 y33 y34 y35 y36

y41 y42 y43 y44 y45 y46

y51 y52 y53 y54 y55 y56

y61 y62 y63 y64 y65 y66




(4.44)
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
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i4

i5

i6




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



y11 y12 y13 y14 y15 y16

y21 y22 y23 y24 y25 y26

y31 y32 y33 y34 y35 y36

y41 y42 y43 y44 y45 y46

y51 y52 y53 y54 y55 y56

y61 y62 y63 y64 y65 y66




∗
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

v1

v2

v3

v4

v5

v6




(4.45)

To fill the admittance matrix in Equation (4.45) it would have to be made 21 sep-
arate short circuit measurements. But if a flux symmetry is assumed, some algebraic
simplifications can be done [9], obtaining :
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
(4.46)

where:
y
�
m

is the mutual admittance between primary coils.
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y
��
m

is the mutual admittance between primary and secondary coils on
different cores.

y
���
m

is the mutual admittance between secondary coils.

Equation (4.46) considers odds coils (1,3,5) primary windings and even coils (2, 4,
6) the secondary windings. If there are no mutual couplings the primed elements are
all zero and the admittance matrix can be further simplified:

Y prim =





yp −ym 0 0 0 0
−ym ys 0 0 0 0
0 0 yp −ym 0 0
0 0 −ym ys 0 0
0 0 0 0 yp −ym

0 0 0 0 −ym ys




(4.47)

Equation (4.47) does not yet consider any particular connection of the three-phase
transformer. The terminal pairs can still be connected in any of the six standard three-
phase combinations of connections between triangle or star. If a connection matrix N
is defined according to Equation (4.48), after a Kron’s transformation [27], the node
impedance matrix can be written as in Equation (4.49).

vbranch = N ∗ V node (4.48)

Y node = N
T ∗ Y prim ∗N (4.49)

The node admittance matrix can be divided into four submatrices as follows:

Y node =

�
Y pp Y ps

Y sp Y ss

�
(4.50)

where each sub-matrix depends on the three-phase transformer connection. Table 4.1
shows the basic submatrices used in three-phase node admittance formation for the nine
three-phase connections for three-phase banks, defining Y I , Y II and Y III as follows
[9]:

Y I =




yt 0 0
0 yt 0
0 0 yt



 Y II =
1

3
∗




2 ∗ yt −yt −yt

−yt 2 ∗ yt −yt

−yt −yt 2 ∗ yt





(4.51)

Y III =
1√
3
∗




−yt yt 0
0 −yt yt

yt 0 −yt




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where yt is the leakage admittance per phase in per unit. The numerical values of ys, yp
and ym of Equation (4.47) were assumed equal to the leakage admittance yt due to the
subtle differences in magnitude between, but if more complete information is available
it can be exploited to the benefit of accuracy.

Winding Connections Self-Admittance Mutual Admittance
Primary Secondary Y pp Y ss Y ps Y sp

Y-Ground Y-Ground Y I Y I −Y I −Y I

Y-Ground Y
Y Y-Ground Y II Y II −Y II −Y II

Y Y
∆ ∆

Y-Ground ∆ Y I Y II Y III Y
T

III

Y ∆ Y II Y II Y III Y
T

III

∆ Y
∆ Y-Ground Y II Y I Y III Y

T

III

Table 4.1: Submatrices of Three-Phase Transformer Connections

If the off-nominal tap ratio between primary and secondary windings is α : β,
where α and β are the taps on the primary and secondary side, respectively, in per unit,
then the submatrices are modified as follows [14]:

• Divide self-admittance of primary matrix by α
2

• Divide self-admittance of secondary matrix by β
2

• Divide mutual admittance matrixes by (α ∗ β)

Once the admittance matrix has been formed for a particular connection it repre-
sents a simple subsystem composed of the two buses interconnected by the transformer.

4.1.3 Spot Loads

The loads definition and modelling depends on the type of analysis desired. For ex-
ample, the power-flow study of a transmission system will require a different definition
than the one used for a secondary distribution feeder.

Depending on the type of load to be represented, 3 models can be defined. THis
models can be seen as specific cases of the general representation with user-defined
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exponents, Equations (4.52) and (4.53). Most power system analysis methods, as
the backward/forward sweep, require a representation of the loads as current sources.
Equations (4.54), (4.56) and (4.57) give the current source value in care of a Y connec-
tion for a constant power loads, constant impedance loads and constant current loads,
respectively.

P = P0 ∗
�
V

V0

�α

(4.52)

Q = Q0 ∗
�
V

V0

�β

(4.53)

where α and β are user-defined exponents.

• PQ Loads
The active and reactive power are assigned. It corresponds to put α = β = 0 in
the general model. The currents absorbed by the loads can be directly computed
from:

Ip =

�
Sp

V pn

�∗

=
|Sp|
|V pn|

∗ ej∗(δp−θp) (4.54)

where:
p = 1,2,3
V pn is the line to neutral voltage of phase p calculated when solving

the system.
Sp is the complex power (assigned).
δp is the line to neutral voltage angle for the phase p.
θp is the power factor angle for phase p (assigned).

• Z Loads
The impedance module of the load is are assigned. It corresponds to put α = β =
2 in the general model. Usually the given data is the complex power, therefore
the first step to determine the currents absorbed by the load it is to compute the
load impedance:

Zp =
|V assumed|2

S
∗
p

=
V assumed|2

|Sp|
∗ ej∗θp (4.55)

Ip =
V pn

Zp

=
|V pn|
|Zp|

∗ ej∗(δp−θp) (4.56)

where:
p = 1,2,3
Vassumed is the line to neutral voltage assumed value to calculate

the impedance fixed value.
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V pn is the line to neutral voltage of phase p calculated when solving
the system.

Sp is the complex power (assigned).
δp is the line to neutral voltage angle for the phase p.
θp is the power factor angle for phase p (assigned).

• I Loads
The current amplitude and the power factor are assigned. It corresponds to put
α = β = 1 in the general model. The currents module is assigned and fixed,
while the angle varies depending on the voltage angle.

Ip = |Ip| ∗ ej∗(δp−θp) (4.57)

where:
p = 1,2,3
δp is the line to neutral voltage angle for the phase p.
θp is the power factor angle for phase p (assigned).

Non linear loads are usually represented as PQ loads when the analysis is made for
the fundamental frequency. If the analysis has to be done also for harmonic frequencies,
different models have to be applied. These models are described in section 4.2.

4.1.4 Distributed Loads

Many times the loads can be assumed as uniformly distributed along the line. In
these cases it is not necessary to model each load in order to determinate the total volt-
age drop from the source end to the last load. An equivalent lumped load representation
can be used.

Figure 4.5: Uniformly distributed loads.

The model has to meet two characeristics: keep the total voltage drop from the
source node to the last load and, at the same time, keep the total three phase power loss
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down the line. Figure 4.5 shows the original load configuration, they are n uniformly
loads spaced dx meters apart. The loads are suposed to be described by the assigned
current model with a constant value of di. Figure 4.6 shows the exact lumped model
[25], where a 2/3 of the total line current is modeled at 1/4 of the total length from the
current to the last load, and the remaining 1/3 of the current is modeled at the end of
the line.

Figure 4.6: Exact lumped load model.

4.2 Modeling For Harmonic Studies

When an harmonic analysis is required adequate models for harmonic generating
loads and system components must be used in order to simulate the propagation of
harmonics throughout the network. If the system under analysis is a transmission one,
it will require a much more complex model than a distribution systems. In this case,
accurate representations for transmission lines, cables, transformers, capacitor banks,
loads, and machines are required. Instead, for industrial and distribution systems, it is
generally enough to model the system in detail only on the low side of the step-down
transformer from the transmission system. A short-circuit equivalent at the high side of
the step-down transformer is sufficient because the impedance is usually dominated by
the one of the step-down transformer. On the low side of the step-down transformer, it
is important to include all the buses with capacitor and large loads connected. At these
lower voltage levels the capacitor banks dominate the capacitance of the lines, so it is
usually acceptable to ignore the last one.

4.2.1 Transmission Lines

For low frequencies and/or short lines, a simple series impedance is a sufficient
representation for lines. However, it is often important to include the shunt capacitance
in the representation for lines and cables when performing studies in which frequencies
above the 25th harmonic are important [57].
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Overhead Lines

Typical overhead lines can be modeled by a multiphase coupled equivalent-pi circuit
as shown in Figure 4.7. For balanced harmonic analysis, the model can be simplified
into a single-phase pi-circuit determined from the positive sequence impedance data of
the line. For unbalanced lines, more complex and specific three-phase model have to
be used, as the one described in section 4.1.

Figure 4.7: Overhead Line Model

The principal characteristic that have to be taken into account when modeling over-
head lines are:

1. The frequency-dependency of the unit-length series impedance. The effects with
major influence in the frequency-dependence of this parameter are the earth re-
turn effect and the conductor skin effect.

2. The distributed-parameter nature (long-line effects) of the unit-length series impedance
and shunt capacitance.

The unit-length series impedance and shunt admittance parameters of the model of
Figure 4.7 are calculated according to the physical arrangement of the line conductors.
The series impedance Z is composed of internal and external impedance. The last one
mentioned is a function of earth retum condition and the frequency of interest and can
be determined from Carson’s formula [8] as in reference [18].

The internal resistance has to take account of the skin effect, which increase with
the frequency and its influence can be very considerable. Reference [18] proposes
Equation (4.58) to calculate the internal impedance of the conductor at high frequen-
cies, assuming that the depth of penetration is very small and the current density at the
surface of the conductor is proportional to the magnetic-field intensity at the surface.

Zc =
K ∗m ∗ ρ

r ∗ (n+ 2) ∗ π (4.58)
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m =
�

j ∗ ω ∗ µ ∗ l ∗ ρ (4.59)
where:

ρ is the conductor resistivity.
µ is the conductor permeability.
K is the conductor stranding factor.
r is the radius of each strand.
n is the number of strand in the outer layer
l is the line length.

A much more simple approximation can be done according Equation (4.60) [24]:

R(f) =

�
(0.035 ∗M2 + 0.938) ∗Rdc if M < 2.4
(0.35 ∗M + 0.3) ∗Rdc if M ≥ 2.4

(4.60)

M = 0.05012 ∗
�

f ∗ µr

Rdc

(4.61)

where:
µr is the relative permeability of the cylindrical wire (1 for non-

magnetic conductors, including aluminum and copper).
f is the frequency in Hz.
Rdc is the dc resistance in Ω/km

Inclusion of the frequency-dependent effects requires the calculation of unit-length
line constants for each harmonic frequency, which requires much input data for har-
monic analysis programs. As the earth return effects mainly affect the zero-sequence
harmonic components and the conductor skin effects mainly affect the line resistance,
which in turn affects the damping level at resonance frequencies, if zero sequence har-
monic penetration and damping at resonance frequencies are not of significant con-
cern, the frequency-dependency effects may be neglected [24]. In this case, a single
unit-length Z matrix computed at the dominant resonance frequency is adequate.

Once obtained the unit-length parameters, matrices Y and Z can be calculated. If
the line is short or low order harmonic are the only ones present in the analysis, the
long-line effects can be ignored and the Y and Z matrices are the unit-length parameters
multiplied by the line length. If long-line effects need to be included, the Y and Z
matrices should be computed using the hyperbolic long-line equations (section 4.1.1).

Whether or not to include the long-line effects depends on the length of the line
being modelled and the harmonics of interest. A criterion for estimate the critical line
lengths where the long-line effects should be represented is presented in reference [24]:

lcrit =
150

h
(4.62)
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where lcrit units are miles and h is the harmonic number.

According to reference [2], at harmonic frequencies the limiting distances of trans-
position effectiveness are much shorter than for the fundamental frequency and can
aggravate unbalance, thus it suggests that for line lengths of 250 km, for the third har-
monic and 150 km, for the fifth, three-phase line model should be considered.

Underground Cables

Underground cable models are very similar to overhead line models. The long-
line effects of underground cables can be represented in the same way as that used for
overhead lines. In general, cables have more shunt capacitance than overhead lines.
Therefore, long-line effects are more significant. An estimate of critical cable lengths
(in miles) where the long-line effects should be represented according to reference [24]
is:

lcrit =
90

h
(4.63)

4.2.2 Transformers

For harmonic analysis, transformers can be modeled as an inductive reactance con-
nected in series with a frequency-dependent resistance:

XTh = RT ∗
√
h+ j ∗XT ∗ h (4.64)

where RT and XT are the components of the transformer’s short circuit impedance at
the fundamental frequency.

Equation 4.64 ignores the magnetization non-linearities of the transformer, assum-
ing that it normally operates within the linear region of the magnetizing characteristic.
However, transformers are designed to operate very close to the limit of the linear char-
acteristics and if they are working under a small over-excitation, their contribution to
the harmonic content can be important. Therefore, if in the system to be analyzed
there is a transformer over excited and all the data about it magnetizing characteristic
is available, it is recommended to use a model that takes the non-linear characteristics
into account. Such a model can be described by the following equations [4]:




i1

i2

i3



 =




k11 k12 k13

k21 k22 k23

k31 k32 k33



 ∗




j ∗ h ∗ ω 0 0

0 j ∗ h ∗ ω 0
0 0 j ∗ h ∗ ω




−1

∗




v1

v2

v3



+




in1

in2

in3





(4.65)
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where vp = j ∗ h ∗ ω ∗ φp for p = 1,2,3 and the matrix K and the vector in are defined
as:

kp1 = dp1 ∗R1b + dp4 ∗R1b + dp6

kp2 = dp2 ∗R2b − dp4 ∗R2b + dp5 ∗R2b + dp7 (4.66)
kp3 = dp3 ∗R3b − dp5 ∗R3b + dp8

ip = −a1 ∗ dp1 − a2 ∗ dp2 − a3 ∗ dp3 − a4 ∗ dp4 − a5 ∗ dp5 (4.67)

a1 = R1b ∗ φ1b +R6b ∗ φ6b − f1(φ1b)− f6(φ6b)

a2 = R2b ∗ φ2b +R7b ∗ φ7b − f2(φ2b)− f7(φ7b)

a3 = R3b ∗ φ3b +R8b ∗ φ8b − f3(φ3b)− f8(φ8b) (4.68)
a4 = R1b ∗ φ1b +R4b ∗ φ4b −R2b ∗ φ2b − f1(φ1b)− f4(φ4b) + f2(φ2b)

a5 = R2b ∗ φ21b +R5b ∗ φ5b −R3b ∗ φ3b − f2(φ2b)− f5(φ5b) + f3(φ3b)

where:
p=1,2,3.
Ri and φi are the reluctance and flux according to Figure 4.9.
Rib and φib are the reluctance and flux obtained after applying a

Taylor’s expansion to the magnetic equations [4].

Figure 4.8: Three-limb transformer

4.2.3 Linear Loads

A distribution system supplies a number of loads conveniently distributed in circuits
that connect it to the nearest distribution point. In general, a considerable number of
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Figure 4.9: Magnetic equivalent circuit for a three-phase transformer

loads are located so close together and supplied from the main distribution point, that
they can be considered as a whole and represented by a unique lumped load. If there are
uniformly distributed loads, it can be used the model described in section 4.1.4 to obtain
two equivalent lumpend loads. In most of the cases, a simple radial system is used,
whether supplying a large plant, small factory, domestic or commercial consumers.

Consumers’ loads have a considerable influence on the harmonic network charac-
teristic. They constitute the main element of the damping component and also may
affect the resonance conditions, particularly at higher frequencies. Consequently, an
adequate representation of the system loads is needed.

Loads are generally expressed by their active and reactive power (PQ model), which
are used to calculate the equivalent impedance or current injection for load flow studies
at fundamental frequency, assuming the system voltage. At harmonic frequency these
values of P and Q cannot be used straightforwardly because the active power absorbed
by a rotating machine does not exactly correspond to a damping value and so additional
information is necessary. The four models proposed by [36] that are shown in Figure
4.10 are described below. The choice of the model has to be done according to the load
characteristics and information available.
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• Model A:

In some cases, the reactive power estimated may have a negligible effect at har-
monic frequencies. Thus, the load is represented just by its rated active power P,
considering an equivalent resistance of value R (Equation (4.69)). This represen-
tation should be used when the motor part is very small and the resistive effect is
predominant, i.e. for commercial and domestic loads.

R =
V

2
n

P
(4.69)

where Vn is the rated voltage at fundamental frequency.

• Model B:

This model consists of a resistance in parallel with an inductance and another re-
sistance. The inductance L should be evaluated using an estimation of the number
of motors in service, their installed unitary power (not demand) and their inverse
inductance. However, this precise information on the number of motors, etc. in
general is unavailable, then a fraction K of the total active power demand (P)
must be used to represent the motor part. This is then multiplied by a factor that
considers the installed power which should be used, for instance equal to 1.2.
To calculate the equivalent inverse inductance, a factor K1, proportional to the
severity of the starting condition should be used. Therefore, R and L of Figure
4.10.b can be calculated as follows:

R =
V

2
n

P ∗ (1−K)
(4.70)

L =
V

2
n

1.2 ∗K ∗K1 ∗ P
(4.71)

where K assumes values around 0.80 for industrial loads and around 0.15 for
commercial and domestic loads, and K1 is between 4 and 7.

An additional resistance representing the motor damping can be included as:

R1 =
L

K2
(4.72)

where K2 is a fraction of the inverse inductance or locked-rotor inductance and
can assume values around 0.2.

• Model C:

When a big induction motor or group of motors are connected directly at interme-
diate voltage levels, like in the case of industrial plants, the motive part is better
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represented by a resistance in series with the inverse inductance of the motor.

The equivalent resistance of the resistive part and the inverse inductance of the
motor is estimated as in model B. The series resistance R1 can be calculated as
in Equation (4.73).

R1 =
ωf ∗ L
K3

(4.73)

where:
K3 is the effective quality factor Q of the motor circuit (≈ 8)
ωf is the fundamental frequency

Additionally, a series inductance LT connected to R can be incorporated to rep-
resent the equivalent leakage reactance of the distribution transformers at lower
voltage. It can be assumed a value of:

LT =
0.1 ∗R

ω
(4.74)

• Model D:
This model was developed from experiments performed on medium voltage out-
puts using audio-frequency ripple-control generators at EDF (Électricité de France)
[6], and has been adopted by the CIGRE (Conference Internationale des Grands
Reseaux Electriques à Haute Tension) as their type-C load model, valid between
5th and 30th harmonics. The circuit suggested is a branch with an inductance
in series with a resistance connected in parallel with another inductance. The
estimated P and Q are used in empirical formulas, Equations (4.75) to (4.77), to
calculate the equivalent impedances.

R =
V

2
n

P
(4.75)

L1 =
0.073 ∗ h ∗R

ω
(4.76)

L2 =
h ∗R

ω ∗ (6.7 ∗ tg(φ)− 0.74)
(4.77)

tg(φ) =
Q

P
(4.78)

An alternative to model A is explained in [24], where is added a parallel inductor:

L =
V

2

ωf ∗Q
(4.79)
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Figure 4.10: Load Models: (a) A (b) B (c) C and (d) D

This model assumes that the all reactive load is assigned to an inductor L, actu-
ally a majority of reactive power comes from induction motors, then this model is not
recommended.

References [24] and [33] also proposes an alternative to model B as a parallel con-
nection of an inductive reactance and a resistance:

X = j ∗ V
2
n

(0.1 ∗ h+ 0.9) ∗Q (4.80)

R =
V

2
n

(0.1 ∗ h+ 0.9) ∗ P (4.81)

Latter model which usually applied in studies concerning mainly the transmission
networks, where the equivalent parts of the distribution systems are specified by the
consumption of active and reactive power (P and Q) at the fundamental frequency.

Reference [4] proposes a model for the predominantly passive loads (typically do-
mestic) consisting of a series RX impedance:

Z =
√
h ∗Rf + j ∗Xf ∗ h (4.82)

71



4 – Components Modeling

where Rf and Xf are the load resistance and reactance at the fundamental frequency.
The weighting coefficient

√
h varies according to the model, for instance, reference

[33] uses (0.6 ∗
√
h) instead.

4.2.4 Non-Linear Loads

The non-linear loads are the harmonic sources in the system, briefly described in
section 2.1. As mentioned in section 3.2, the harmonic simulation can be in frequency
domain, in time domain or in both, thus also the models can vary depending on the
domain used. This section will describe some of the models that have been developed
for the principal types of harmonic sources.

Three-Phase Line-Commutated Converter

In general, the power electronic devices that generates harmonic currents can be
modeled by using simple current source models or more complicated device-level mod-
els. The most common model is the one of a harmonic current source specified by its
magnitude and phase spectrum. More detailed models are necessary if voltage dis-
tortion is significant. When this situation is considered, it is required a more sophis-
ticated converter analysis with harmonic currents as a function of system reactance,
delay angle, and commutation angle. The accuracy of converter model is considered to
guarantee the convergence of the simulation.

At present, there are several techniques that have been developed for modeling of
power electronic converters in harmonic simulation [21].

• Current Source Model:

Is the most common technique used for harmonic simulation and it is valid to
balanced and unbalanced systems [21]. It consists of treating the converters as
known sources of harmonic currents with or without including phase angle in-
formation. This is due to the fact that the converter acts as an injection current
source to the system in many operational conditions. Generally, the steady-state
condition is assumed. The current harmonics injected into a bus have a magni-
tude determined from the typical measured spectrum and rated load current for
the harmonic source (Equation (4.83)).

Ih = Irated ∗
Ih sp

I1 sp

(4.83)
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where Ih sp is the typical current spectrum of the source at harmonic h [24].

For harmonic studies involving just one converter, the phase angles usually are
ignored and only the magnitudes are used in the harmonic simulation. When
multiple converters are considered simultaneously, harmonic phase angles need
to be included for taking the harmonic cancellation effect into account. It can be
done using Equation (4.84) [24].

θh = θh sp + h ∗ (θ1 − θ1 sp) (4.84)

where θh sp is the typical phase angle spectrum of the source at harmonic h and
θ1 is the phase angle obtained from the load flow solution for the fundamental
frequency current component.

The advantages of the current source method are that the solution can always be
obtained without an iterative process and is computationally efficient. The disad-
vantage is that when typical harmonic spectra are used to represent the harmonic
currents generated by the converter, the interaction between the network and the
converter is ignored. This drives to an inadequate evaluation of cases involving
nontypical operating modes, such as partial loading and excessive harmonic volt-
age distortions. Reference [41] suggests that the current injection model can be
used carefully when the converter source voltage THD is on the order of 10% or
more.

• Transfer Function Model:

This model is based on the modulation theory and small signal linearisation, that
uses two transfer functions (Gφ,dc and Gφ,ac) to relate the dc and ac sides of the
converter when the input voltage waveform is modulated by a signal at any spec-
ified frequency [3].

The dc voltage is calculated by summing each phase voltage multiplied by its
associated transfer function (Equation (4.85)). The transfer switching function
Gφ,dc can take values between −1 and +1, where 0 signifies no connection of the
dc side, ±1 means connection of the dc side positive or negative bus to the phase
φ and 0.5 is used to represent the phases during the commutation process.

vd = N ∗
�

φ

(Gφ,dc ∗ vφ) (4.85)

where:
φ = 0o,120o,240o for phases a,b,c respectively
N is the converter transformer ratio
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Similarly, the dc current can be defined as in Equation (4.86), with Gφ,ac values
also between −1 and +1, but with the raises and falls during the commutation
process being approximately linear transfers.

iφ = N ∗Gφ,ac ∗ idc (4.86)

The transfer functions Gφ,ac and Gφ,dc are the sum of a basic function without
commutation period and steady firing angle, a firing angle variation function
(dashed line in the figure) and a commutation function. Figure 4.11 shows how
these functions are calculated: the dotted line represents the basic function, then
the dashed line is the function calculated taking account the firing angle variation
∆α, and the solid line waveform is the transfer function including the effect of
a commutation period. Expressing the transfer function as a summation of these
three components, simplifies the frequency spectra expressions.

Figure 4.11: Transfer functions: (a) Gφ,dc and(b) Gφ,ac

Once known the transfer functions the entire system can be solved by the har-
monic coupling matrix equation [21]:

�
Iac

V dc

�
=

�
A B E

C D F

�


V ac

Idc

α



 (4.87)
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where:
Iac is the vector of the ac side sequence harmonic currents.
V ac is the vector of the ac side sequence harmonic voltages.
Idc is the vector of the dc side harmonic currents.
α is the firing angle.

In Equation (4.87), A, B, C, D, E and F can be regarded as sub-matrices of the
converter transfer functions between associated input and output variables and
are obtained by the time-domain simulation with harmonic perturbations. These
matrices needs to be builds for each operating point considered and are then com-
bined with the ac and dc system impedance as well as control characteristics at
harmonic frequencies. If the firing angle harmonics are not considered, the only
existing sub-matrices are A, B, C and D.

This model can be used either in the time or frequency domain with the incorpo-
ration of the iterative approach, eliminating the problem existing with the current
source model. It has been developed for both single-phase and three-phase con-
verters while ignoring the effects of converter controls, commutation variations,
and resistance in ac network impedance [41].

Adjustable Speed Drives

Adjustable speed drives (ASD) is becoming a significant load component for power
distribution systems. Modern ASDs employ power electronic devices to vary the fre-
quency of the power supply for AC motor speed control and produces harmonics dur-
ing this process. The research on the modelling of ASDs for harmonic analysis have
been limited. It has been commonly assumed that a ASD can be modelled as har-
monic current sources. Reference [51] proposes a general three-phase ASD model for
analysing harmonic propagation in balanced and unbalanced three-phase power sys-
tems with ASDs.

• Norton-Equivalent Circuit Model:

An adjustable speed drive (ASD) can be represented with a generic three-phase
bridge converter circuit of Figure 4.13. An important advantage of this circuit is
that the inverter and the motor are both modelled as just one direct current source.
The magnitudes and phase angles of this source should be determined from the
inverter design and the motor operating conditions. Studies made on [51] have
proven the validity of this model without the need to model the current source
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Figure 4.12: Various types of ASD configuration: (a) VSI and PWM and (b) CSI

as a harmonic source. This is because, in the case of pulse width modulation
(PWM) and voltage source inverter (VSI) type ASDs, the inverter harmonics
are largely bypassed by the DC link capacitor before they can penetrate into the
supply system side, and in the case of current source inverter (CSI) type ASD,
the series inductor serves as a large impedance to block inverter harmonics kom
ever getting into the converter.

Figure 4.13: Generic converter circuit for ASD

The delta-connected final model (without consider overlaps effects) is shown in
Figure 4.14, where Ih is the supply voltage-dependent harmonic current source
and X0 is an equivalent harmonic impedance. The current sources in the model
are determined with a given three-phase drive terminal voltage, normally cal-
culated from a three-phase network harmonic power flow solutions.This model
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is valid under various system conditions such as supply voltage unbalance, har-
monic distortions at the AC or DC side, and the asymmetry of drive parameters.

Figure 4.14: Harmonic equivalent circuit for ASDs

The input data needed to construct the described model are:

1. The firing angle of the converter thyristors: α.
2. The direct current flowing into the inverter: Idc.
3. The DC link component parameters: R,C.

• Simplified Current Source Model:

If the parameters necessary for building the previously described model are not
available, it is possible to use a more simplified current source model as de-
scribed in [24]. It consist in a harmonic source with currents of low magnitude,
independent of the voltage levels in the system, and a frequency spectrum of
f = 6 ∗ fi ± f0, where fi is the inverter frequency and f0 is the AC system fre-
quency. The source magnitudes are either calculated as I1/h for the hth harmonic
order or measured from a particular drive operating condition.

Rotating Machines

Synchronous machines convert negative sequence currents into third harmonic pos-
itive sequence and, in general, act as a harmonic converter. Getting to an accurate
model that represents this fact is a very complex problem [38], since conversion means
coupling of harmonics which otherwise would be examined separately. Therefore, gen-
erators are often represented by a single approximate impedance at each harmonic.

In synchronous and asynchronous machines, the rotating magnetic field created by
stator harmonics rotates at a speed significantly higher than the rotor speed. Therefore
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at harmonic frequencies the impedance approaches the negative sequence impedance.
In the case of synchronous machines the inductance used for the model is usually
the negative sequence impedance or the average of direct and quadrature subtransient
impedances (Equation (4.88)) . Induction machines are modeled with its locked rotor
inductance when the subtransient characteristics are not known.

Xh = h ∗
X

��
d
+X

��
q

2
(4.88)

In both, synchronous or asynchronous machines, the frequency-dependency of the
resistance can be significant due to skin effects and eddy current losses. Figure 4.15
shows the negative sequence impedance of a 1100 hp synchronous motor as a function
of frequency. Usually a variation of the resistance according to Equation (4.89) is taken
[24].

Rh = h
a ∗Rf (4.89)

where:
Rh is the resistance at the h frequency
Rf is the resistance at the fundamental frequency
a may vary between 0.5 and 1.5.

Equation (4.90) shows another way to represent the frequency-dependency of the
resistance presented in [4]. This model takes into account the apparent slip at the su-
perimposed frequency Sh.

Rmh = RB ∗
�
a ∗ ka +

b

Sh

∗ kb
�

(4.90)

Sh =
±h ∗ ωs − ωr

±h ∗ ωs

(4.91)

where:
RB is the total motor resistance with the rotor locked.
a is the coefficient between the stator resistance and RB (typically 0.45)
b is the coefficient between the rotor resistance and RB (typically 0.55)
ka is the correction factor to take into account the skin effect in the

stator, defined by Equation (4.92)
kb is the correction factor to take into account the skin effect in the

rotor, defined by Equation (4.93)

ka = h
α (4.92)

kb = (±h− 1)α (4.93)
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The positive or negative signs on expressions (4.91), (4.92) and (4.93) depend on
the sequence of the harmonic h, being positive for negative sequence harmonics and
negative for positive sequence ones.

Figure 4.15: Measured impedance of a synchronous motor [24]

If the motor is connected in delta or ungrounded star, there is no way to let the zero
sequence harmonic currents to flow.
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Chapter 5

Methodology

The principal scope of this research was to develop a computer tool able to perform
power flow calculations for distribution systems in presence of unbalances and/or har-
monic distortion with radial or weakly meshed structure. The steps needed to reach this
scope were:

1. Selection of language and software
Selection of language and software to be used for the implementation of the
method. It was chosen Matlab� from MathWorks™, due to its versatility for
matrix computations. Matlab� uses a programming language that can be easy to
learned and applied without requiring a lot of technical and programming knowl-
edge. This is a very useful characteristic when the programmed code is imple-
mented in power system analysis, due to the fact that power system analysis is in
constant change and new components with new models are constantly required
to be introduced in the studies. Therefore, a program code developed in Matlab�

can be easily modified to introduce new components models or to adjust old ones
to the data input available.

The version used to develop all the .m files is the Matlab� R2008a running in a
MacBook with a 2.4 GHz Intel Core 2 Duo processor.

2. Selection of the method used to solve the power flow
This stage includes a research of several methods proposed to solve harmonic
power flow analysis. The choice made was to use two versions of the backward/-
forward sweep-based methods, due to its advantages in solving radial distribution
systems, compared to Newthon based methods (see chapter 3). The first one is the
method proposed by Teng and Chang in [45], from now on referred as “method
1”. The second one it is a simple extension of the traditional backward/forward

80
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sweep approach (section 3.1.1), from now on referred as “method 2”. Both meth-
ods are described in section 6.1.

3. Selection of the test systems
The network selected to perform the tests of the programmed methods was the
IEEE 13 Node Test Feeder [22]. It was chosen by the characteristic of been
small, therefore very manageable, but at the same time offering very interesting
characteristics of non-ideal distribution systems:

• Relatively highly loaded feeder for a 4.16 kV system.
• Overhead and underground lines with variety of phasing.
• Shunt capacitor banks.
• In-line transformer.
• Unbalanced spot and distributed loads.

The complete data corresponding for this system is given in [22] and was used to
verify the proper operation of the power flow for the fundamental component of
the network. The only difference between the actual system used an that one from
[22] is the substation voltage regulator between nodes 650 and 632. To avoid the
modeling of this component that was considered secondary for the analysis of the
methods, is was taken the IEEE results at the exit point of this regulator as the
voltages of the slack node in the actual test system used (Figure 5.1).

Figure 5.1: One line diagram of the unbalanced test system.

For the harmonic power flow calculations it was used a simpler the test system,
the IEEE 4 Node Test Feeder. One unbalanced three phase load was assume ad
the end of the feeder (node 4). The complete data corresponding for this system
is given in appendix A.1.
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4. Implementation of the method 1 to solve the power flow calculation for a
single-phase radial distribution network
It was a previous step to the actual three-phase power flow. It serves to the famil-
iarization with the variants that method 1 proposes to the classical backward/for-
wad sweep.

5. Implementation of the power flow calculation for a three-phase radial dis-
tribution network
In this step the program developed in the previous step 4 was expanded to the
three-phase case application. It was divided in three parts:

5.1 Implementation of the backward/forward sweep to solve the fundamental
frequency power flow: the data of the system used was the one without
harmonic loads. This step includes the verification of the results obtained
with the program with those given in reference [22] as the solution of the
network power flow.

5.2 Implementation of the method 1 to solve the harmonic power flow: the data
of the system used was the one with harmonic loads (appendix A.1).

5.3 Implementation of the method 2 to solve the harmonic power flow: with
the same data and network used in the previous step it was implemented
method 2 totally based on the BFS program developed and proved on step
4.

6. Comparison of method 1 and method 2 applied to the three-phase radial
distribution network
Comparison of results obtained by both methods, the time employed and iteration
needed by each one to solver the power flow.

7. Implementation of the power flow calculation for a single-phase weakly meshed
distribution network
It was added the procedure explained in section 3.1.2 to the BFS method and then
proved on a weakly meshed network. Two parts can be defined in this step:

7.1 Implementation of the backward/forward sweep to solve the fundamental
frequency power flow for a single phase network: the network used is shown
in Figure 6.11. It consist of 5 nodes, one loop and five spot loads. More
specific data for the network used are in appendix A.2. Both methods were
implemented and tested here.

7.2 Comparison of the results: the network was solved with a demo version of
the commercial program PowerWorld Simulator v13 and this results were
confronted to those obtained with the developed program in Matlab�.
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Figure 5.2: (a) One line diagram of the single phase test system for weakly meshed
network treatment and (b) it implementation in PowerWorld.
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Chapter 6

Results and Discussion

6.1 Description of the Methods

The two methods chosen to solve the harmonic power flow and the one used to solve
the fundamental component are BFS based methods; that method takes advantage of the
radial structure of the distribution systems and can be only applied on radial networks.
Using the procedure described in section 3.1.2 it can be also applied to weakly meshed
networks.

The first step to solve the system is the labeling of the nodes. It has to be done as
described in section 3.1.1, beginning by naming the supply node at the top of the tree
as “node zero” and then keeping on labeling from left to right, from top to bottom (an
example is shown in Figure 3.1). Then, the branches labeling is done in a similar way,
but starting the count from one instead of zero. At the end, each branch j, will finish at
node j. Figure 6.1 shows the branch labeling corresponding to the example of Figure
3.1.

With the labeling finished, is possible to define the node to branch incidence matrix
L and its inverse Γ, as described in section 3.1.1. Knowing the position of the loads
and the branch incidence matrix L, a coefficient vector Aj can be deduced. This vector
is defined by Teng and Chang [45] as the coefficient vector of harmonic currents for
the branch j that consist of 1 if the corresponding bus harmonic current flows through
the branch, or 0 if it doesn’t flow. To be able of expand the algorithm to three-phase
unbalanced systems, the M×1 vectors Aj were defined as M×3 matrix, where M is the
number of total loads and shunt capacitors, and each column represent the coefficient
vector for the corresponding phase.
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Figure 6.1: Example of the branch labeling in a radial network

Once the system has been characterized with these matrix L, Γ and Aj it can be
done the load flow at the fundamental frequency and then the harmonic analysis, using
method 1 or method 2. All processes are described in sections 6.1.1, 6.1.2 and 6.1.3.

6.1.1 Load Flow at the Fundamental Frequency

The load flow at the fundamental frequency used is a backward/forward sweep
based method. It differs of the traditional BFS (section 3.1.1) by the fact that the
branches current vector Bj is defined by Equation (6.1) instead of Equation (3.6). This
modification was made because the A matrix was needed for the harmonic analysis, so
it has to be calculated anyway. Then, instead of expanding the Γ matrix to the three-
phase case, it has been used the one that was already available. The concept is still the
same, a coefficient that records whether or not the current flows through the branch.

Bj,p =
N�

k=1

�
Ajk,p ∗ Ik,p

�
(6.1)

where:
N is the total number of branches in the network
j = 1,2, . . . ,N
p = 1,2,3
Bj,p is the component p of the three-phase currents vector of branch j
Aji,p is the (j,p) element of the A matrix corresponding to branch j
Ik,p is the phase p element of the currents vector for the load k
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B =





B1
...

Bj

...
BN




=





B1,1

B1,2

B1,3
...

Bj,1

Bj,2

Bj,3
...

BN,1

BN,2

BN,3





(6.2)

Aj =





Aj1,1 Aj1,2 Aj1,3
...

...
...

Ajk,1 Ajk,2 Ajk,3
...

...
...

AjM,1 AjM,2 AjM,3




(6.3)

I =
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I1
...
Ik

...
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=


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



(6.4)

If the shunt line parameters are taken into account, the total current branch vector
Btot is calculated as:

Btot = B +BLs (6.5)

First it is necessary to calculate the currents injected by the admittances ILs. If j is
the node between branches x and j:

ILsj =
bj

2
∗ V j +

bx

2
∗ V x (6.6)
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Then BLshunt can be calculated as:

BLsj,p =
N�

i=1

(−Γi,j ∗ ILsi,p) (6.7)

where:
i = 1,2, . . . ,N
BLsj,p is the component p of the three-phase current vector of branch

j due to the shunt line parameters

BLs =





BLs1
...

BLsj
...

BLsN


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=
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BLs1,1

BLs1,2
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BLsj,1

BLsj,2
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BLsN,1

BLsN,2

BLsN,3





(6.8)

For the forward voltage sweep is necessary to calcolate first the product between
the line impedance and the branch currents:

ZI = Zb ∗Btot (6.9)

where Zb is a (3N)×(3N) matrix, composed of the 3×3 lines impedances sub-matrix
on its diagonal.

Zb =





Zb1 · · · · · · · · · 0
... . . . ...
... Zbj

...
... . . . ...
0 · · · · · · · · · ZbN




(6.10)

Zbj =




Zj1,1 Zj1,2 Zj1,3

Zj2,1 Zj2,2 Zj2,3

Zj3,1 Zj3,2 Zj3,3



 (6.11)
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Then the node voltage at node j for the phase p can be calculated by:

V p,j = V 0,p +
N�

k=1

(Γj,k ∗ZIj,p) (6.12)
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V 2,j
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V 2,N

V3,1
...

V 3,j
...

V 3,N





(6.13)

6.1.2 Harmonic Analysis Method 1

The first harmonic analysis method studied and applied here is based on the method
proposed by Teng and Chang [45], which is based on the backward/forward sweep
(BFS) technique described in section 3.1.1. With the same advantages mentioned for
the BFS applied to a fundamental load flow, reduced time consumption and low com-
plexity, the problem mentioned in [45] by the authors in trying to use directly the BFS
method to the harmonic analysis is that the harmonic currents absorbed by the shunt
capacitors installed in distribution feeders are unknown. They solve this situation com-
puting the currents absorbed by the shunt capacitors with an iterative technique, and
then the forward/backward sweep is used to obtain the relationship between bus har-
monic currents, branch currents and bus voltages of each harmonic order. In reference
[45] the authors describe the method for a single-phase system. This chapter describes
the expanded method for a three-phase system.

Non-linear loads are treated as current sources defined by a characteristic spectrum
of amplitude and angle related to the fundamental component as described in section
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4.2.4. Linear loads, can be expressed as absorbed currents in the harmonic analysis. For
composite loads, non linear loads and linear loads can be treated as harmonic current
sources and impedances in proportion to the specification of load composition. The
value of the current consumed by the linear loads at bus i for the kth iteration can be
calculated as in Equation 6.14.

Ih
(h,k)
i

=
V

(h,k)
i

Z
(h)
i

(6.14)

where Z
(h)
i

is the hth harmonic equivalent impedance of the linear load at bus i, calcu-
lated with the constant impedance model.

The capacitance of the line impedance can usually be omitted in the distribution
system analysis due to its small effect. Therefore, the transmission line model used is
just the series impedance part of the one described in section 4.2.1. If it is necessary,
the capacitance can also be considered in the proposed method.

The system harmonic current vector is divided in two parts:

I
(h,k) =


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· · ·
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1
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n
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(6.15)
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where:
I
(h,k) is a 3(n+m)× 1 vector of the system three-phase harmonic

currents.
Ih

(h,k) is a 3m× 1 vector of the three-phase harmonic currents con-
tributed by linear impedance and nonlinear loads in the system.

m is the number of linear impedance and nonlinear loads in the sys-
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tem.
Is

(h,k) is a 3n× 1 vector of the three-phase harmonic currents ab-
sorbed by shunt capacitors.

n is the number of shunt capacitor in the system.

A coefficient matrix Aj is defined for each branch j. Analog to the Γ matrix defined
for the original BFS method, this new coefficient matrix records whether the system
harmonic currents flow through the j branch. If a bus harmonic current flows through
the branch j, the corresponding position to the phase and node source of this current
will be 1. Meanwhile, if the current doesn’t flow through the branch, it will be 0.

Aj =




Ahj

· · ·
Asj



 =
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

Ahj,1
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Ahj,m

· · ·
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Asj,n





(6.16)

Ahj,i =
�
Ahj,i 1 Ahj,i 2 Ahj,i 3

�

Asj,i =
�
Asj,i 1 Asj,i 2 Asj,i 3

�

where:
Aj is a (n+m)× 3 matrix consisting of 1 and 0 only.
Ahj is the m× 3 coefficient matrix of the harmonic currents contributed

by nonlinear loads and linear impedances.
Asj is the n× 3 coefficient matrix of the harmonic currents contributed

by shunt capacitors.

The voltage drop at branch j for the p phase can be computed from the impedance
matrix of the branch j (Zj), the coefficient matrix of the branch (Aj) and the current
injection vector (I) (Equation (6.17)).

∆V
(h,k)
j,p =

m�

i=1



Z
(h)
j,p

∗




Ahj,i 1 0 0

0 Ahj,i 2 0
0 0 Ahj,i 3


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

+

+
n�
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

Z
(h)
j,p

∗




Asj,i 1 0 0

0 Asj,i 2 0
0 0 Asj,i 3



 ∗ Isi



 (6.17)
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Z
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Z
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(6.18)

Z
(h)
j,p

=
�
Z

(h)
j,p1 Z

(h)
j,p2 Z

(h)
j,p3

�
(6.19)

If the drop voltages are known, the bus voltages of the system could be calculated
by the forward voltage sweep (Equation (6.20)). The problem is that the vector of
the currents absorbed by the shunt capacitors ( Is(h,k)) is unknown. The first step to
calculate these unknown currents is to write the bus voltage vector as in Equation (6.21),
where the voltages are related to the currents through the matrix HA

(h) composed of
the line impedances of the branches between the load or shunt capacitor and the nodes.

V
(h),k+1 = V

(h)
0 + V

(h,k) (6.20)

V
(h,k) = −HA

(h) ∗ I(h,k) (6.21)

where:
V

(h)
0 is the harmonic harmonic component of the slack.

HA
(h) is the 3N×3(n+m) relationship matrix between the bus voltages

and system harmonic currents.

Then, the bus voltages of shunt capacitors (V s
(h,k)) can be written as:

V s
(h,k)
p

= −HAs
(h)
p

∗ I(h,k) (6.22)

where:
p=1, 2, 3.
HAs

(h) is a n× 3(n+m) matrix composed of the row vectors related
to the buses of shunt capacitors.

HAs
(h) =





HAs1
(h)

HAs2
(h)

HAs3
(h)




(6.23)
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V s
(h,k) =
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(h,k)

V s3
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
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(6.24)

HAsp
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HAsp 1,1 HAsp 1,2 · · · HAsp 1,n+m
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...

... . . . ...
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
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(6.25)
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(6.26)

The components of the matrix HAsp i,j
(h) are defined by the relationship between

voltage at node i (for the phase p) and currents absorbed by the shunt capacitor j (for
all the three phases). It is a 1 × 3 vector and can be computed according to Equation
6.27.

HAsp i,j
(h) =

�

x∈Sij



Z
(h)
x,p

∗




Ahx,i 1 0 0

0 Ahx,i 2 0
0 0 Ahx,i 3







 (6.27)

where Sij is the set of branches of the phase p connected between the node i and the
node of the shunt capacitor j.

The voltage at each shunt capacitors can also be written as:

V s
(h,k)
j

= Zs
(h)
j

∗ Is(h,k)
j

=


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(h)
j,1 0 0

0 Zs
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
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(h,k)
j,1

Is
(h,k)
j,2

Is
(h,k)
j,3




(6.28)

From Equation (6.28) it can be written an expression for the shunt capacitor voltages
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vector (V s
(h,k)):

V s
(h,k) = Zs

(h) ∗ Is(h,k) (6.29)
where Zs

(h) is a 3n×3n matrix with the shunt capacitor impedances placed in strategic
positions to satisfy Equation (6.28) for every j = 1, . . . ,n, as shown in Equation (6.30).
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(6.31)

where:
j = 1,2, . . . ,n.
0 = [0 0 0]

Replacing Equation (6.29) in (6.22):

Zs
(h) ∗ Is(h,k) = −HAs

(h) ∗ I(h,k) (6.32)
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HAs
(h) can be divided in two components. The first one (left part) is composed of

the m first columns and is the one that relates the bus voltages to the currents injected
by the linear impedances and nonlinear loads. The second one contains the remaining
n columns, those ones that relate the bus voltages to the currents absorbed by the shunt
capacitors.

HAs
(h) =

�
HAsh

(h) | HAss
(h)

�
(6.33)

Replacing Equation (6.33) in (6.34) and manipulating the expression, it can be writ-
ten Equation (6.37).

Zs
(h) ∗ Is(h,k) = −

�
HAsh

(h) | HAss
(h)

�
∗ I(h,k)

= −
�
HAsh

(h) ∗ Ih(h,k) +HAss
(h) ∗ Is(h,k)

�
(6.34)

�
HAss

(h) +Zs
(h)

�
∗ Is(h,k) = −HAsh

(h) ∗ Ih(h,k) (6.35)

HLF
(h) = HAss

(h) +Zs
(h) (6.36)

HLF
(h) ∗ Is(h,k) = −HAsh

(h) ∗ Ih(h,k) (6.37)

As HLF
(h), HAsh

(h) and Ih
(h,k) are known, from Equation (6.37) the currents

absorbed by the shunt capacitors Is(h,k) can be calculated. It can be noticed that Equa-
tion (6.37) represents a system of 3n linear equations, instead of solving a whole 3N
equations system.

Once the shunt capacitors currents are known, the branch current vector B (Equa-
tion (6.38)) can be calculated, the branch voltage drops (Equation (6.17)) and the bus
voltages (Equation (6.21)) caused by the harmonic currents.

B
(h,k)
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m�

i=1








Ahj,i 1 0 0

0 Ahj,i 2 0
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
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
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0 Asj,i 2 0
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

 ∗ Isi



 (6.38)

The iteration process for the hth harmonic order will stop if the following criterion
is satisfied:

|V (h,k+1)
j

− V
(h,k)
j

| ≤ ε for i = 1,2, . . . ,N (6.39)
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6.1.3 Harmonic Analysis Method 2

The second method applied is simpler than method 1 because it sees the shunt ca-
pacitors as linear loads, then calculates their currents as:

Is
(h,k)
j

=
V s

(h,k)
j

Zsj

(6.40)

Zsj =
|V nj|2

Snj

(6.41)

where:
Is

(h,k)
j

is the h-th harmonic current absorbed by the shunt capacitor j
at the k-th iteration.

V s
(h,k)
j

is the h-th harmonic voltage at the shunt capacitor j for the k-th
iteration.

Zsj is the shunt capacitor impedance.
V nj is the rated voltage of the shunt capacitor j.
Snj is the rated apparent power of the shunt capacitor j.

This method consists on applying to each harmonic order the algorithm and equa-
tions of section 6.1.1. For each harmonic order the models of the system components
and loads are recalculated and then the BFS is applied.

6.2 Convergence for Harmonic Analysis Methods Based
on Backward/Forward Sweep Technique

In section 3.1.1 the convergence criterion for the backward/forward sweep tech-
nique was explained in the case of a fundamental load flow. The limit condition to
reach convergence in a case of a two node system is the maximum power delivery point
[7]. According to the maximum power theorem this condition is for Rline = Rload for
purely resistive circuits and Zline = Z

∗
load

for RLC or LC systems.

Figure 6.2 shows a simple example of a two node circuit which resistance values
varies from a condition previous to the maximum power delivery (Rline < Rload) to a
condition after the maximum power transfer point (Rline > Rload). Tables 6.1, 6.2 and
6.3 show the results obtained after 10 iterations, confirming the theoretical analysis.

The circuit of Figure 6.3 represents a very simple example where can be seen that
this condition can be extended to the harmonic analysis case.
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Figure 6.2: Example of a two node resistive circuit.

Table 6.1: Resistive system working in a point previous to the maximum power transfer:
Rload = 2p.u. Rline = 1p.u.

Vc Ic I
Iteration (p.u) (degrees) (p.u) (degrees) (p.u) (degrees)

1 0.5000 0.0000 0.2500 0.0000 1.2500 0.0000
2 1.2500 180.0000 0.6250 180.0000 0.3750 0.0000
3 0.3750 180.0000 0.1875 180.0000 0.8125 0.0000
4 0.8125 180.0000 0.4063 180.0000 0.5938 0.0000
5 0.5938 180.0000 0.2969 180.0000 0.7031 0.0000
6 0.7031 180.0000 0.3516 180.0000 0.6484 0.0000
7 0.6484 180.0000 0.3242 180.0000 0.6758 0.0000
8 0.6758 180.0000 0.3379 180.0000 0.6621 0.0000
9 0.6621 180.0000 0.3311 180.0000 0.6689 0.0000

10 0.6689 180.0000 0.3345 180.0000 0.6655 0.0000

Table 6.4 shows the solution of the circuit in a operating point previous to the res-
onant condition: XL = j ; XC = −j2. It can be clearly seen that the method is
converging. Instead in Tables 6.5 and 6.6, which represent resonant condition and one
operating point after the resonance, the divergence situation can be noticed.
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Table 6.2: System in the point of maximum power transfer: Rload = Rline =1p.u

Vc Ic I
Iteration p.u Degrees p.u Degrees p.u Degrees

1 0.5000 0.0000 0.5000 0.0000 1.5000 0.0000
2 1.5000 180.0000 1.5000 180.0000 0.5000 180.0000
3 0.5000 0.0000 0.5000 0.0000 1.5000 0.0000
4 1.5000 180.0000 1.5000 180.0000 0.5000 180.0000
5 0.5000 0.0000 0.5000 0.0000 1.5000 0.0000
6 1.5000 180.0000 1.5000 180.0000 0.5000 180.0000
7 0.5000 0.0000 0.5000 0.0000 1.5000 0.0000
8 1.5000 180.0000 1.5000 180.0000 0.5000 180.0000
9 0.5000 0.0000 0.5000 0.0000 1.5000 0.0000

10 1.5000 180.0000 1.5000 180.0000 0.5000 180.0000

Table 6.3: Resistive system after the maximum power transfer: Rload = 1 p.u. Rline =
2 p.u.

Vc Ic I
Iteration p.u Degrees p.u Degrees p.u Degrees

1 0.5000 0.0000 0.5000 0.0000 1.5000 0.0000
2 3.0000 180.0000 3.0000 180.0000 2.0000 180.0000
3 4.0000 0.0000 4.0000 0.0000 5.0000 0.0000
4 10.0000 180.0000 10.0000 180.0000 9.0000 180.0000
5 18.0000 0.0000 18.0000 0.0000 19.0000 0.0000
6 38.0000 180.0000 38.0000 180.0000 37.0000 180.0000
7 74.0000 0.0000 74.0000 0.0000 75.0000 0.0000
8 150.0000 180.0000 150.0000 180.0000 149.0000 180.0000
9 298.0000 0.0000 298.0000 0.0000 299.0000 0.0000

10 598.0000 180.0000 598.0000 180.0000 597.0000 180.0000

97



6 – Results and Discussion

Figure 6.3: Example of a two node equivalent circuit for harmonic analysis.

Table 6.4: Sistem working in a point previous resonance condition:Zload = −j2 p.u.
Zline = j p.u..

Vc Ic I
Iteration p.u Degrees p.u Degrees p.u Degrees

1 0.1000 0.0000 0.0500 90.0000 1.0012 2.8624
2 1.0012 -87.1376 0.5006 2.8624 1.5002 0.9548
3 1.5002 -89.0452 0.7501 0.9548 1.7500 0.4092
4 1.7500 -89.5908 0.8750 0.4092 1.8750 0.1910
5 1.8750 -89.8090 0.9375 0.1910 1.9375 0.0924
6 1.9375 -89.9076 0.9688 0.0924 1.9688 0.0455
7 1.9688 -89.9545 0.9844 0.0455 1.9844 0.0226
8 1.9844 -89.9774 0.9922 0.0226 1.9922 0.0112
9 1.9922 -89.9888 0.9961 0.0112 1.9961 0.0056

10 1.9961 -89.9944 0.9980 0.0056 1.9980 0.0028
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Table 6.5: Sistem in resonance condition: Zload = −jp.u. Z
∗
line

= j p.u.

Vc Ic I
Iteration p.u Degrees p.u Degrees p.u Degrees

1 0.1000 0.0000 0.1000 90.0000 1.0050 5.7106
2 1.0050 -84.2894 1.0050 5.7106 2.0025 2.8624
3 2.0025 -87.1376 2.0025 2.8624 3.0017 1.9092
4 3.0017 -88.0908 3.0017 1.9092 4.0012 1.4321
5 4.0012 -88.5679 4.0012 1.4321 5.0010 1.1458
6 5.0010 -88.8542 5.0010 1.1458 6.0008 0.9548
7 6.0008 -89.0452 6.0008 0.9548 7.0007 0.8185
8 7.0007 -89.1815 7.0007 0.8185 8.0006 0.7162
9 8.0006 -89.2838 8.0006 0.7162 9.0006 0.6366
10 9.0006 -89.3634 9.0006 0.6366 10.0005 0.5729
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Table 6.6: Sistem working in a point after the resonance condition: Zload = −j p.u.
Zline = j2 p.u.

Vc Ic I
Iteration (p.u) (degrees) (p.u) (degrees) (p.u) (degrees)

1 0.1000 0.0000 0.1000 90.0000 1.0050 5.7106
2 2.0100 -84.2894 2.0100 5.7106 3.0067 3.8141
3 6.0133 -86.1859 6.0133 3.8141 7.0114 3.2705
4 14.0228 -86.7295 14.0228 3.2705 15.0213 3.0529
5 30.0426 -86.9471 30.0426 3.0529 31.0413 2.9546
6 62.0825 -87.0454 62.0825 2.9546 63.0812 2.9078
7 126.1624 -87.0922 126.1624 2.9078 127.1612 2.8849
8 254.3223 -87.1151 254.3223 2.8849 255.3211 2.8736
9 510.6421 -87.1264 510.6421 2.8736 511.6409 2.8680

10 1023.2817 -87.1320 1023.2817 2.8680 1024.2804 2.8652

6.3 Application of the Methods

6.3.1 Fundamental Power Flow

The program developed in Matlab� consists of a set of 8 files that follow the flow
chart of Figure 6.4 to solve the power flow at the fundamental component according to
the method explained in section 6.1.2:

• fundamental.m

It is the main body of the program. It calls all the other files needed.

• configurations.m

It is part of the read data block of Figure 6.4. In contains the matrix of the line
impedances and admittance in unit length (ohms per mile and µsiemens per mile,
respectively) for each configuration of overhead lines or underground cables. If
some configuration of lines different to those defined in [22] has to be added, they
have to be introduced in this file. In this file are also assigned the components
other than lines (transformers and switches) and the different kinds of connection
of the loads.
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Read Data

Calculate the L−1 matrix

Any
distributed

load?

Calculate lines impedances in pu

Calculate coefficient matrix A

IT=1

Calculate of current injections by the loads,
shunt capacitors and transversal parameters of

the lines

Calculate branch currents (backward stage)

Calculate voltage drops at each branch

Calculate bus voltages (forward stage)

Restructure data:
add nodes and
lumped loads

∆V < tol End

IT=IT+1

V
(IT ) = V

(IT−1)

no

no

yes

yes

Figure 6.4: Flow chart of the power flow for fundamental component of a radial distri-
bution network.

• inputs.m

It is also part of the read data block of Figure 6.4. Here the user can define
the fallowing parameters that describe the structure and the initial state of the
network:

– Number of nodes.

– Number of shunt capacitors, spots and uniformly distributed linear loads.

– Maximum number of iterations.
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– Tolerance of the variation between the maximum of the differences between
bus voltage at the actual and the previous iteration.

– Slack voltages.

– Incidence matrix L
– Shunt capacitors position, connection and nominal reactive power for each

phase.

– Linear spot and distributed loads position, connection, model (PQ, I, Z) and
nominal active and reactive power for each phase.

– Transformers position, nominal apparent power, nominal voltage levels and
short circuit impedance.

– Lines data: length, configuration and ends nodes.

• distributedLoad.m
This file is called just if it is specified in the inputs that the number of distributed
loads is not zero. It is the restructure data block of Figure 6.4. Its objective is
to implement the model described in section 4.1.4, therefore it divides the total
power into two lumped loads and adds a node to the network. This last step
implies adding a row and a column to the incidence matrix L.

• genZ.m
Based on the length and configuration of the lines, this file generates the series
component of the pi-model of the lines (section 4.1.1). It also calculates the
impedance of the shunt capacitors and the transformer. Actually the only model
supported is the Y-grounded/Y-grounded connections, if other types of connec-
tions have to be used, it has to be modified according to section 4.1.2. All of the
impedances are calculated in the p.u. system, using the base power Sbase intro-
duced by the user and the base voltages according to the nominal voltage levels
of the transformers.

• genA.m
Based on the implications matrix L, this file generates the coefficient matrix
Ai,presented in section 6.1.2, for each node i.

• lineC.m
It calculates the transversal parameters of the lines according to the pi-model of
section 4.1.1 and the branch currents due to these parameters.

• results.m
It is the file responsible for organizing the output data at each iteration into tables
and showing them into the Matlab command window.
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6.3.2 Harmonic Power Flow

To implement the harmonic analysis of a radial distribution network, the program
developed has the structure shown in Figure 6.5. The backward/forward sweep method
used to solve the fundamental component of system is the same described in section
6.3.1.

The program consists of the 17 .m files briefly described below, but only 15 or 16
have to be run at the same time, depending on the method chosen.

• method1.m / method2.m
Can be applied one at a time, depending of the method to be used. Each one is
the main body of the program. It calls all the other files needed and solves the
harmonic BFS according to the method chosen.

• configurations h.m
Analog to the file configurations.m of the fundamental power flow, but in this
case it includes the typical spectrum tables of the nonlinear loads modeled as
harmonic current sources.

• inputs c.m
Analog to the file inputs.m of the fundamental power flow, but in this case it
has to be specified the maximum harmonic order to include in the analysis and
the composition of the loads (percentage of motive, passive and each type of
nonlinear load).

• input LINES.m
In this file the physical and geometrical characteristic are defined for the lines.

• distibutedLOAD h.m
Analog to the file distibutedLOAD.m of the fundamental power flow. it is not the
same file because the input matrix of the load data is defined different in the case
of harmonic analysis, then it has to be adapted to this type of entry.

• carson.m
It is part of the calculate lines impedances block of Figure 6.5. It applies the
Carson’s equation [8] to calculate the lines impedances (see section 4.1.1).

• genZ h.m
It is also is part of the calculate lines impedances block of Figure 6.5. It assigns
to each branch the line impedance in p.u. corresponding according to its type.
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• kron.m
It is the final part of the calculate lines impedances block of Figure 6.5. It applies
the Kron reduction to the impedances obtained from Rharmonic.m to get a 3× 3
matrix (see section 4.1.1).

• genA h.m
Same file as genA.m of the fundamental power flow.

• fundamental h.m
Apply the backward/forward sweep algorithm described in section 6.3.1.

• Rharmonic.m
It calculates the value of the lines resistance and reactance per unit length at the
h-th harmonic order according to Equation (4.58).

• Zlong lines.m
It is called by the main program just in case it is necessary to handle lines with
the long lines equations (see sections 4.1.1 and 4.2.1).

• results it.m
Organizes the bus voltages, branch currents, shunt capacitors and load currents
at each iteration into tables and shows them into the Matlab command window.

• results h.m
Organizes into tables the shunt capacitors and loads currents, bus voltages, branch
currents, branch losses and total number of iterations made for each harmonic or-
der and shows them into the Matlab command window. It also has a warning
message that will be shown in case of reaching the maximum number of itera-
tions, telling that the method may be diverging.

• total res.m
Organizes and shows in the Matlab command window the harmonic levels of
the network, that is the branch currents and bus voltage magnitudes and the total
harmonic distortion (THD) levels for each node. It also shows the total system
losses.

• genHA.m
Calculates the elements of the single phase HA matrix, which describe the rela-
tion between bus voltages and node currents. In the main program this file has to
be called three times for a three phase system.

104



6 – Results and Discussion

Read Data

Any
distributed

load?

h=1

Calculate lines impedances in pu

Calculate coefficient matrix A

Restructure data:
add nodes and
lumped loads

Calculate loads and shunt capacitors currents

Solve the system with BFS method

h = 2

Calculate lines impedances in pu

Calculate loads and shunt capacitors currents

Solve the system voltages and currents with the
BFS-based method 1 or 2

h = hmax?End

h = h+ 1

no

yes

no

yes

Figure 6.5: Flow chart of the harmonic power flow for radial distribution systems.

Method 1

The procedure of method 1 described in section 6.1.2 can be summarized in the
flow chart of Figure 6.6.
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Figure 6.6: Flow chart of the method 1.

Method 2

The procedure of method 2 described in section 6.1.3 can be summarized in the
flow chart of Figure 6.7.
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Figure 6.7: Flow chart of the method 2.
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6.3.3 Weakly Meshed Networks

The procedure described in section 3.1.2 to solve weakly meshed networks with
method designed to be applied in radial configurations, was implemented with 19 .m
files briefly described below, but only 17 or 18 have to be run at the same time, depend-
ing on the method chosen.

• meshedNETWORK.m
It is the main body of the program. It calls all the other files needed.

• M inputs.m
Analog to inputs.m, both files require the same input data. The user has to be
very careful when entering the branch and node data, the following rules must be
followed:

– When entering the incidence matrix L: if two nodes belong to the same
layer, it will be taken as a “son” the one labeled with a greater number.

– The breakpoint of a look will be the node labeled with a highest number.

– The end node of a lines has to be entered in ascending order, it means that
in the first column there will be the node labeled with the smaller number.

– The line that closes the loop has to be placed at the last row of the data line
matrix. If there is more that one breakpoint, the last line has to be the one
with the highest breakpoint.

• meshed.m
This file identifies from the incidence matrix L if there exists any loop in the
network. If there is any loop, it identifies the breakpoints as the node labeled with
the highest number and breaks it into two nodes, restructuring the system data
and adding two constant loads for each breakpoint to simulate the compensation
currents.

• configurations h.m, distributedLOAD h.m, genZ h.m, genA h.m,
Zlong lines.m, Rharmonic.m, lineC.m, ZSaux.m and genHA.m
They are the same files used in the case of radial networks and described in the
previous section.
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• BFS Zmesh.m
Solve the bus voltages of each system required to calculate the components of
the matrix �Z (see section 3.1.2).

• MlineCZ.m
It is called by BFS Zmesh.m. It computes the contribution of the shunt parameters
of the lines to the branch currents.

• BFS f.m
It solves the bus voltages and branch currents for the fundamental component. It
is based on the program explained in section 6.3.1.

• BFS h1 / BFS h2
Can be applied one at a time, depending of the method to be used. Each one
solves the harmonic BFS according to the method chosen.

• results h.m
Organizes into tables the bus voltage, branch currents, shunt capacitors and loads
currents for each harmonic order and shows them into the Matlab command win-
dow. It also has a warning message that will be shown in case of reaching the
maximum number of iterations, telling that the method may be diverging.

• total res.m
Organizes and shows in the Matlab command window the harmonic levels of the
network, which is the branch currents and bus voltage magnitudes and the total
harmonic distortion (THD) levels for each node.
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Figure 6.8: Flow chart of the load flow for weakly meshed distribution systems (I).
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Figure 6.9: Flow chart of the load flow for weakly meshed distribution systems (II).
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Figure 6.10: Presentacion.
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6.4 Power Flow Results

6.4.1 Load Flow at the Fundamental Frequency

The most important results obtained applying the set of .m files to the network of
[22] are shown in the tables below, where the “added” label is assigned to a node if it
does not belong to the original system, but was added as a part of the distributed load
model. The results were reached after 6 iterations in 0.479 seconds for a tolerance of
10−6 for the maximum difference between bus voltages of two consecutive iterations.

Comparing the results obtained with those given in [22] it can be seen that the
maximum difference between the values is obtained for the total losses and it is equal
to 0.07%. That means that the method programmed is have always less than 1% of
error, so it can be a trustable program to solve unbalanced distribution networks for the
fundamental frequency.

More specific results are shown in appendix B.1, including bus voltages, branch
currents, loads currents and shunt capacitors currents, as well as the time consumed by
each .m file, the system power factor and the total power consumption and losses for
each phase. From the time consuming table shown in this appendix, it can be noticed
that 65.76% of the time was used to print the results. This is because the results were
printed for each iteration, just for documentation in case that some one need to compare
this kind of results. Usually results are needed just at the end of the iterative process
and the time consumed by the program will be even lower than the 0.479 s obtained
here.

Table 6.7: Power flow results for the 13 node network without harmonic sources.

kW kvar kVA
Feeder Total Power 3 577.1219 1 724.2883 3 971.0163

Total Power in the Branches 110.9828 324.5757 343.0256

6.4.2 Harmonic Analysis Method 1

The analysis was made for frequencies from the fundamental to the 7th harmonic.
Most important results obtained applying the set of .m files to the 4 node test feeder
are shown in the tables below. They were calculated for a tolerance of 10−5 for the
maximum difference between bus voltages of two consecutive iterations and 30 maxi-
mum of iterations allowed for each harmonic order. More specific results are shown in
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Table 6.8: Bus voltages for the 13 node network without harmonic sources

Bus IEEE Bus Phase A Phase B Phase C
No Name pu Degree pu Degree pu Degree
1 632 1.02101 -2.4893 1.0420 -121.7200 1.0175 117.8290
2 645 − − 1.0328 -121.8997 1.0155 117.8562
3 671 0.9900 -5.2956 1.0529 -122.3419 0.9778 116.0256
4 633 1.0180 -2.5539 1.0401 -121.7654 1.0148 117.8249
5 646 − − 1.0311 -121.9753 1.0134 117.9014
6 684 0.9881 -5.3186 − − 0.9758 115.9244
7 680 0.9900 -5.2956 1.0529 -122.3419 0.9778 116.0256
8 692 0.9900 -5.2956 1.0529 -122.3419 0.9778 116.0256
9 634 0.9940 -3.2300 1.0218 -122.2215 0.9960 117.3453

10 611 − − − − 0.9738 115.7786
11 652 0.9825 -5.2441 − − − −
12 675 0.9835 -5.5457 1.0553 -122.5180 0.9759 116.0401
13 Added 1.0133 -3.1735 1.0443 -121.8776 1.0068 117.3451

Table 6.9: Branch currents for the 13 node network without harmonic sources

Branch IEEE Branch Phase B Phase C Phase A
No Name A Degree A Degree A Degree
1 0 - 632 558.3715 -28.5699 414.8486 -140.9089 586.5241 93.5957
2 632 - 645 0.0000 0.0000 143.0246 -142.6621 65.2060 57.8262
3 Added - 671 472.8982 -26.9428 195.8511 -132.9058 439.1296 100.9893
4 632 - 633 81.3261 -37.7380 61.1231 -159.0908 62.7034 80.4759
5 645 - 646 0.0000 0.0000 65.2069 -122.1742 65.2067 57.8257
6 671 - 684 63.0657 -39.1159 0.0000 0.0000 71.1500 121.6170
7 671 - 680 0.0018 90.6775 0.0017 -40.9411 0.0015 -150.4885
8 671 - 692 229.0881 -18.1609 69.6075 -55.1878 178.3650 109.4062
9 633 - 634 704.8295 -37.7385 529.7370 -159.0914 543.4344 80.4754
10 684 - 611 0.0000 0.0000 0.0000 0.0000 71.1499 121.6165
11 684 - 652 63.0748 -39.1282 0.0000 0.0000 0.0000 0.0000
12 692 - 675 205.3194 -5.1329 69.5968 -55.1915 124.0637 111.8011
13 632 - Added 478.2625 -27.0179 215.1023 -134.6520 475.4434 99.9164

appendix B.2.1, including bus voltages and branch currents at each iteration for each
harmonic, loads currents, shunt capacitors currents and losses at each harmonic order
for the first 5 harmonics calculated.

From Table 6.11 can be seen that the process is diverging for the 5th harmonic.
Actually, it also diverges for all harmonic orders higher than 5. In appendix B.2.1 is
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Table 6.10: Active power losses for the 13 node network without harmonic sources.

Branch IEEE Branch Phase A Phase B Phase C
No Name (kW) (kW) (kW)
1 0 - 632 21.5174 -3.2502 41.4385
2 632 - 645 0.0000 2.5462 0.2202
3 Added - 671 8.1357 -4.7547 22.8756
4 632 - 633 0.3539 0.1477 0.3061
5 645 - 646 0.0000 0.2713 0.2699
6 671 - 684 0.2108 0.0000 0.3713
7 671 - 680 0.0000 0.0000 0.0000
8 671 - 692 0.0000 0.0000 -0.0000
9 633 - 634 2.5181 1.4224 1.4969

10 684 - 611 0.0000 0.0000 0.3823
11 684 - 652 0.8092 0.0000 0.0000
12 692 - 675 3.2173 0.3449 0.5731
13 632 - Added 2.3676 -1.4641 8.6554

shown the evaluation of the convergence criterion Zline ∗ Yload < 1 [7] and can be seen
that it is satisfied only for harmonic orders below the 5th.

Table 6.11: Bus voltages in p.u. at each harmonic order for the 4 node test feeder with
harmonic sources, obtained with the method 1.

Bus Phase Harmonic Order
No 1 2 3 4 5

A 1.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00
1 B 1.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00

C 1.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00
A 9.9754e-01 0.0000e+00 4.0968e-04 0.0000e+00 2.2427e+37

2 B 9.9504e-01 0.0000e+00 2.2469e-04 0.0000e+00 2.1412e+37
C 9.9890e-01 0.0000e+00 1.3149e-05 0.0000e+00 2.0157e+37
A 9.8155e-01 0.0000e+00 1.4912e-03 0.0000e+00 8.1633e+37

3 B 9.6469e-01 0.0000e+00 8.1787e-04 0.0000e+00 7.7940e+37
C 9.8911e-01 0.0000e+00 4.7864e-05 0.0000e+00 7.3372e+37
A 9.7849e-01 0.0000e+00 2.0033e-03 0.0000e+00 1.0967e+38

4 B 9.5862e-01 0.0000e+00 1.0987e-03 0.0000e+00 1.0470e+38
C 9.8794e-01 0.0000e+00 6.4301e-05 0.0000e+00 9.8568e+37
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Table 6.12: Branch currents in amperes at each harmonic order for the 4 node test
feeder with harmonic sources, obtained with the method 1.

Branch Phase Harmonic Order
No 1 2 3 4 5

A 8.9970e+01 0.0000e+00 1.7457e+00 0.0000e+00 2.0242e+39
1 B 1.3012e+02 0.0000e+00 1.3233e+00 0.0000e+00 1.7348e+39

C 9.9463e+01 0.0000e+00 3.7298e-01 0.0000e+00 1.7410e+39
A 8.9970e+01 0.0000e+00 1.7457e+00 0.0000e+00 2.0242e+39

2 B 1.3012e+02 0.0000e+00 1.3233e+00 0.0000e+00 1.7348e+39
C 9.9463e+01 0.0000e+00 3.7298e-01 0.0000e+00 1.7410e+39
A 2.6969e+02 0.0000e+00 5.2328e+00 0.0000e+00 6.0677e+39

3 B 3.9006e+02 0.0000e+00 3.9667e+00 0.0000e+00 5.2002e+39
C 2.9815e+02 0.0000e+00 1.1180e+00 0.0000e+00 5.2190e+39
A 2.6969e+02 0.0000e+00 5.2328e+00 0.0000e+00 6.0677e+39

4 B 3.9006e+02 0.0000e+00 3.9667e+00 0.0000e+00 5.2002e+39
C 2.9815e+02 0.0000e+00 1.1180e+00 0.0000e+00 5.2190e+39

Table 6.13: Active power losses for the 4 node test feeder with harmonic sources,
obtained with the method 1.

Branch IEEE Branch Phase A Phase B Phase C
No Name (kW) (kW) (kW)
1 0 - 1 0.0000 0.0000 0.0000
2 1 - 2 1.3532 2.7102 0.2186
3 2 - 3 5.6703 11.5432 3.1411
4 3 - 4 1.6915 3.3877 0.2733

6.4.3 Harmonic Analysis Method 2

The analysis was made for frequencies from the fundamental to the 7th harmonic.
Most important results obtained applying the set of .m files to the 4 node test feeder
are shown in the tables below. They were calculated for a tolerance of 10−5 for the
maximum difference between bus voltages of two consecutive iterations and 30 maxi-
mum of iterations allowed for each harmonic order. More specific results are shown in
appendix B.2.2, including bus voltages and branch currents at each iteration for each
harmonic, loads currents, shunt capacitors currents and losses at each harmonic order
for the first 5 harmonics calculated.
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From Table 6.15 can be seen that the process is diverging for the 5th harmonic.
Since the test network is the same used for the implementation of method 1, it was
reasonable to expected the same diverging behavior for harmonic order higher than the
5th.

Table 6.14: Active power losses for the 4 node test feeder with harmonic sources,
obtained with the method 2.

1 0 - 1 0.0000 0.0000 0.0000
2 1 - 2 1.3532 2.7102 0.2186
3 2 - 3 5.6703 11.5432 3.1411
4 3 - 4 1.6915 3.3877 0.2733

Table 6.15: Bus voltages in p.u. at each harmonic order for the 4 node test feeder with
harmonic sources, obtained with the method 2.

Bus Phase Harmonic Order
No 1 2 3 4 5

A 1.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00
1 B 1.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00

C 1.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00 0.0000e+00
A 9.9754e-01 0.0000e+00 4.1026e-04 0.0000e+00 4.0213e+22

2 B 9.9504e-01 0.0000e+00 2.2608e-04 0.0000e+00 4.6441e+22
C 9.9890e-01 0.0000e+00 1.2040e-05 0.0000e+00 3.9402e+22
A 9.8155e-01 0.0000e+00 1.4934e-03 0.0000e+00 1.4637e+23

3 B 9.6469e-01 0.0000e+00 8.2292e-04 0.0000e+00 1.6905e+23
C 9.8911e-01 0.0000e+00 4.3826e-05 0.0000e+00 1.4342e+23
A 9.7849e-01 0.0000e+00 2.0062e-03 0.0000e+00 1.9664e+23

4 B 9.5862e-01 0.0000e+00 1.1055e-03 0.0000e+00 2.2710e+23
C 9.8794e-01 0.0000e+00 5.8876e-05 0.0000e+00 1.9268e+23

6.4.4 Fundamental Power Flow for a Weakly Meshed Single Phase
Network

The bus voltages and branch currents obtained after applying the set of .m files to
a weakly meshed single phase network without harmonic sources are shown in Tables
6.18 and 6.17, respectively. Table 6.18 also shows the comparison between the results
obtained applying the developed set of .m files and those obtained with PowerWorld
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Table 6.16: Branch currents in amperes at each harmonic order for the 4 node test
feeder with harmonic sources, obtained with the method 2.

Branch Phase Harmonic Order
No 1 2 3 4 5

A 8.9970e+01 0.0000e+00 1.7464e+00 0.0000e+00 2.8853e+24
1 B 1.3012e+02 0.0000e+00 1.3253e+00 0.0000e+00 4.6585e+24

C 9.9463e+01 0.0000e+00 3.7098e-01 0.0000e+00 3.3030e+24
A 8.9970e+01 0.0000e+00 1.7464e+00 0.0000e+00 2.8853e+24

2 B 1.3012e+02 0.0000e+00 1.3253e+00 0.0000e+00 4.6585e+24
C 9.9463e+01 0.0000e+00 3.7098e-01 0.0000e+00 3.3030e+24
A 2.6969e+02 0.0000e+00 5.2350e+00 0.0000e+00 8.6491e+24

3 B 3.9006e+02 0.0000e+00 3.9726e+00 0.0000e+00 1.3964e+25
C 2.9815e+02 0.0000e+00 1.1120e+00 0.0000e+00 9.9010e+24
A 2.6969e+02 0.0000e+00 5.2350e+00 0.0000e+00 8.6491e+24

4 B 3.9006e+02 0.0000e+00 3.9726e+00 0.0000e+00 1.3964e+25
C 2.9815e+02 0.0000e+00 1.1120e+00 0.0000e+00 9.9010e+24

Simulator. Voltages levels and current flows at each iteration can be seen in appendix
B.3.

Figure 6.11: One line diagram of the single phase test system after the cut of the break-
point.

In Table 6.18 node 7 is a virtual node, due to the breakpoint at node 5. Physically,
these two nodes are the same.

It can be seen that the approach used for weakly meshed networks gives accurate
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Table 6.17: Branch currents obtained with the application of BFS to a weakly meshed
single phase network without harmonic sources.

Branch No Branch Current
A Degree

1 609.5747 -17.3006
2 495.5040 -16.9724
3 114.1304 -18.7497
4 273.8553 -13.9169
5 119.4288 -23.3517
6 59.2722 -23.4624
7 55.2889 -13.7607

Table 6.18: Bus voltages obtained with the application of BFS to a weakly meshed
single phase network without harmonic sources and comparison with the PowerWorld’s

solution.

Bus No
Bus Voltage

Error (%).m files Power World
p.u. Degree p.u. Degree

1 1.0000 0.00 1.0000 0.00 0.00
2 0.9720 -0.11 0.9871 -0.07 1.53
3 0.9741 -0.06 0.9924 -0.03 1.84
4 0.9566 -0.10 0.9778 -0.14 2.17
5 0.9679 -0.10 0.9868 -0.06 1.91
6 0.9721 -0.05 0.9905 -0.06 1.85
7 0.9679 -0.10 0.9868 -0.06 1.91

results, extending the application range of the backward/forward sweep methods.

6.5 Comparison of the Methods

From Tables 6.11 and 6.15 can be seen that the results obtained with both of the meth-
ods are very similar, with a maximum variation of 8.4% for the voltages at phase C. All
the other voltages have a difference of less than 1%.

The methods show the same convergence problem, described in section 3.1.1. Both
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are diverging for harmonics higher than the 4th order, because the convergence suffi-
cient condition Zline ∗ Yload < 1 is not satisfied.

To compare the time consumed of each method, the harmonic order limit was set
to the last one in which the convergence of the method is guaranteed, that is the 4th
harmonic. Method 1 required 0.527 s and method 2 employed 0.467 s.

Another advantage that has method 2 against method 1, it is the fact that is much
simpler to include the shunt parameters of the line into the calculation of the harmonic
cases. Method 2 would require that each of the lines capacitors would be added as a
load into the Ih vector, magnifying it dimensions as well as the dimension of all the
other matrices (Aj , HA and all their derivates).

Considering the results just mentioned, it can be concluded that method 2, which it
is more complicated to implement into a program and understand, have no advantages
against the simpler method 1.
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Chapter 7

Conclusions and Recommendations

The three sets of .m files developed as the main objective of this project reaffirm the
accuracy of the choice of Matlab� as a straightforward environment to program versa-
tile tools that have to deal with a lot of complex matrices and changing entrances, in this
case the models of components which are constantly improving or the new components
that have to be included in the analysis.

In all three cases, fundamental analysis for unbalanced radial networks, harmonic
analysis for unbalanced radial networks, and harmonic analysis for unbalanced weakly
meshed networks, the backward/forward sweep based method gave accurate results
with a optimal level of effectiveness and simplicity, the two main characteristic of this
method. On the other hand, it was also confirmed the main reason that is leaving aside
this kind of method of the major part of the researches on the field. This is the fact that
the convergence range of the method depends on the frequency response of this one. It
was shown with a very simple example that the backward/forward sweep based method
will diverge for frequencies higher than the first resonance point.

This last result challenges the affirmation made by Teng and Chang in [45], where
the authors say that the reason why the backward forward sweep technique is not being
applied to harmonic studies is the fact that the harmonic currents absorbed by the shunt
capacitors installed in distribution feeders are unknown, then the proposed method in
[45] is needed to calculate these currents. With the application of method 2 it was
proved that the shunt capacitors currents can be calculated as any other load modeled
with constant impedance, without the need to define, program and implement the com-
plicated matrix defined in reference [45] because it does not bring any improvement
to the convergence range of the BFS method. In fact, method 2 results to be less time
consuming than method 1 (the one proposed by Teng and Chang), which can be advan-
tageous when dealing with networks involving a high number of nodes, as in the case
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of distribution networks.

The other problem that have the methods specifically designed to radial structured
networks is that they cannot be applied directly to weakly meshed networks. Never-
theless, if the network is first transformed into an equivalent radial network an then the
method based on the compensation currents procedure, the BFS-based methods can be
perfectly applied. This is a very important result because even if the application of the
weakly meshed network treatment includes one more iterative process, it is still sim-
pler than other iterative methods including the very time-consuming calculation and
decomposition of the Jacobian matrix.

The main difficulty in meeting the aim of this project was the almost inexistent de-
tailed data of the test systems, fact that does not allow to compare properly the results
obtained with some values already verified. In the case of the analysis for fundamental
frequency, there are a lots of well known and designed test system that allows a person
or a team conducting a research o developing a program, to compare the results and
make the correct conclusions about the results. In this project was used the IEEE 13
Node Test Feeder [22] for the fundamental load flow test, which have a very specified
input data and results, allowing to find faster and easier the errors made with the first at-
tempts to program the BFS method. Like the IEEE 13 Node Test Feeder there are other
test feeders with different characteristics, giving the possibility of choose the more con-
venient according to the research conducted. Instead, a test feeder with harmonic loads
was not found. The only system which contains some input data was reference [23],
but even this one does not have very specified the input data, i.e. the loads connection
is not specified, and the results given are just the total harmonic distortion levels at
each node, which is an index that does not allow to find fast and easily the errors of the
program code or components modeling.

An alternative to the need of developing a well documented test feeder to perform
harmonic analysis could be to compare the results obtained with the developed tool to
those ones obtained with a commercial and already tested program. The problem whit
this solution is the fact that usually this programs need a very expensive license and if
they have a free demo or trial version, it is often limited in the number of phases or
number of nodes. Which verifies the utility of this project of providing a trustable tool
to performance harmonic analysis for unbalanced radial or weakly meshed networks.

From the results obtained, it is possible to conclude that given the advantages of the
BFS-based methods, it is worth continuing tusing it in the limits of application showing
in this work.
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Appendix A

Test System

A.1 For Harmonic Analysis

Figure A.1: IEEE 4 node test feeder.

Table A.1: Load specification for harmonic analysis test system.

Phase Node Model Connection P Q Motive Passive Fluorescent ASD Other
(kW) (kvar) (%) (%) (%) (%) (%)

PQ Y 600 300 0 90 10 0 0
A 4 PQ Y 800 500 0 95 5 0 0

PQ Y 700 200 0 90 0 0 10
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Figure A.2: Pole Configuration.

Table A.2: Shunt capacitors bank specification for harmonic analysis test system.

Node Connection Phase A (kvar) Phase B (kvar) Phase C (kvar)
4 Y 100 100 100

Table A.3: Transformer data for harmonic analysis test system.

Connection kva VH (kV) VL (kV) R (%) X (%)
Ground Y- Gorund Y 6 000 12.47 4.16 1.0 6.0

Table A.4: Lines specification for harmonic analysis test system.

Conductor Geometric Mean Resistance Diameter
Radius (ft.) Ω/mile inch

Phase 0.0244 0.306 0.721
Neutral 0.00814 0.592 0.563
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Table A.5: Harmonic current magnitude as % of fundamental component and phase
angles with respect to voltage.

Harmonic ASD Fluorescent Non-Specific
Order Mag. (%) Phase (º) Mag. (%) Phase (º) Mag. (%) Phase (º)

1 1.0000 -1.4500 1.0000 -107.0000 1.0000 105.5000
2 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
3 0.8460 -8.3400 0.1900 76.0000 0.0360 -44.4000
4 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
5 0.6830 -14.2300 0.1070 10.0000 0.0320 139.4000
6 0.0000 0.0000 0.0000 0 0.0000 0.0000
7 0.4780 -20.1300 0.0210 37.0000 0.0000 0.0000
8 0.0000 0.0000 0 0 0.0000 0.0000
9 0.2770 -29.0200 0.0140 31.0000 0.0000 0.0000

10 0 0.0000 0.0000 0 0.0000 0.0000
11 0.0020 -27.9100 0.0090 36.0000 0.0000 0.0000
12 0.0000 0 0 0 0.0000 0.0000
13 0.0610 158.2 0.01 47.0000 0.0000 0.0000
14 0 0 0 0 0.0000 0.0000
15 0.0420 122.3000 0.0050 20.0000 0.0000 0.0000

125



A – Test System

A.2 For Weakly Meshed Networks

Figure A.3: Weakly Meshed Test System.

Table A.6: Load specification for the single phase weakly meshed test system.

Node Model P Q
(kW) (kvar)

2 PQ 230 73
4 PQ 420 15
4 I 200 140
5 PQ 380 140
6 PQ 127 55

Table A.7: Lines impedance data for the single phase weakly meshed test system.

Line Nodes Length (ft.) z (Ω/mile)
1 0-1 100 0.00
2 1-2 500 1.3425+0.5124i
3 1-3 2000 1.3425+0.5124i
4 2-4 500 1.3425+0.5124i
5 2-5 300 1.3425+0.5124i
6 3-6 300 1.3425+0.5124i
7 3-5 1000 1.3425+0.5124i
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Appendix B

Power Flow Results

B.1 Fundamental Power Flow Results
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*****************************************************************************

               SHUNT CAPACITORS CURRENTS AT ITERATION # 8 

| Bus | Bus Name |      Phase A     |      Phase B      |      Phase C      |
|  No |   IEEE   |   pu   |  Degree |    pu   |  Degree |    pu   |  Degree |

  12       675     0.1919   83.4931    0.2051  30.9181    0.1800  155.4383

  10       611     0.0000    0.0000    0.0000    0.0000    0.0898  155.8143

*****************************************************************************

               LINEAR LOADS CURRENTS AT ITERATION # 8 

| Bus | Bus Name |      Phase A     |      Phase B      |      Phase C      |
|  No |   IEEE   |   pu   |  Degree |    pu   |  Degree |    pu   |  Degree |

   9       634     0.0462  22.6835    0.0000    0.0000    0.0000    0.0000

   2       645     0.0000    0.0000    0.1785  138.0881    0.0000    0.0000

   5       646     0.0000    0.0000    0.0000    0.0000    0.2576   98.9887

  11       652     0.1455  29.8336    0.0000    0.0000    0.0000    0.0000

   3       671     0.4230  26.4093    0.3996  140.9036    0.4531   94.3554

  12       675     0.5435  27.7638    0.0890  162.5136    0.3996   78.3015

   8       692     0.0000    0.0000    0.0000    0.0000    0.1974   97.7585

  10       611     0.0000    0.0000    0.0000    0.0000    0.1958   99.3592

*****************************************************************************

                   BRANCH CURRENTS AT ITERATION # 8 

| Branch |  Branch   |      Phase A     |      Phase B      |      Phase C      |
|   No   |   IEEE    |   A    |  Degree |    A    |  Degree |    A    |  Degree |

    1        0  632    459.7944  17.9710 255.7270   124.9499 585.5923   102.2241

    2      632  645    0.0000    0.0000  74.3338   138.0872 107.2399   98.9893

    3      632  671  440.6151  17.7664 184.1142   119.6876 478.5639  102.9477

    4      632  633   19.2497  22.6812   0.0007   34.4379   0.0007  145.1013

    5      645  646    0.0000    0.0000   0.0004   22.6636 107.2400   98.9889

    6      671  684   60.5561  29.8063   0.0000     0.0000  80.5209  126.0376

    7      671  680    0.0017   90.4491   0.0017   40.1361   0.0014  151.5404

    8      671  692  210.9168   7.0850  66.8275   55.4039 218.0054  102.0536

    9      633  634  166.8330  22.6835   0.0000     0.0000   0.0000    0.0000

   10      684  611    0.0000    0.0000   0.0000     0.0000  80.5208  126.0371

   11      684  652   60.5625  29.8202   0.0000     0.0000   0.0000    0.0000

   12      692  675  210.9170   7.0879  66.8173   55.4079 136.1889  104.6400

*****************************************************************************

                       BUS VOLTAGES AT ITERATION # 8 

| Bus | Bus Name |      Phase A     |      Phase B      |      Phase C      |
|  No |   IEEE   |   pu   |  Degree |    pu   |  Degree |    pu   |  Degree |

   1       632     0.9830   3.0141    1.0074  120.4868    0.9467  116.9770

   2       645        NaN       NaN    1.0019  120.5172    0.9411  116.7355

   3       671     0.9663   6.2388    1.0228  120.7330    0.9022  114.5258

   4       633     0.9822   3.0521    1.0077  120.4910    0.9466  116.9992

   5       646        NaN       NaN    1.0016  120.4467    0.9369  116.5976

   6       684     0.9647   6.2820       NaN       NaN    0.9001  114.3786

   7       680     0.9663   6.2388    1.0228  120.7330    0.9022  114.5258

   8       692     0.9663   6.2388    1.0228  120.7330    0.9022  114.5258

   9       634     0.9775   3.2983    1.0077  120.4910    0.9466  116.9992

  10       611        NaN       NaN       NaN       NaN    0.8982  114.1856



1 0 / 9 / 1 0 12:49 PM MATLAB Command Window 2 of 3

  11       652     0.9592   6.2668       NaN       NaN       NaN       NaN

  12       675     0.9595   6.5069    1.0253  120.9181    0.8998  114.5616

*****************************************************************************

                                BRANCH LOSSES  

| Branch |  Branch   |      Phase A     |      Phase B      |      Phase C      |
|   No   |   IEEE    |   kW   |  Degree |    kW   |  Degree |    kW   |  Degree |

    1       0  632     1.6442    4.9457    51.6501  

    2      632  645    0.0000     0.9017     1.0660  

    3      632  671    4.0414    6.8086    39.7892  

    4      632  633    0.0264     0.0000    0.0000  

    5      645  646    0.0000    0.0000     0.8650  

    6      671  684    0.1715     0.0000     0.4896  

    7      671  680    0.0000     0.0000     0.0000  

    8      671  692    0.0000     0.0000    0.0000  

    9      633  634    0.1411     0.0000     0.0000  

   10      684  611    0.0000     0.0000     0.4897  

   11      684  652    0.7461     0.0000     0.0000  

   12      692  675    3.4278     0.3160     0.8300  

*********************************************************************

|No of ITERATIONS MADE                                   |     7    |

*********************************************************************

|APARENT POWER DELIVERED TO PHASE A BY THE FEEDER (kVA)  | 1104.3237|
| | |
|APARENT POWER DELIVERED TO PHASE B BY THE FEEDER (kVA)  | 614.1992|
| | |
|APARENT POWER DELIVERED TO PHASE C BY THE FEEDER (kVA)  | 1406.4622|
| | |
|TOTAL APARENT POWER DELIVERED BY THE FEEDER (kVA)       | 3112.4789|

*********************************************************************

|ACTIVE POWER DELIVERED TO PHASE A BY THE FEEDER (kW)    | 1050.4468|
| | |
|ACTIVE POWER DELIVERED TO PHASE B BY THE FEEDER (kW)    | 611.9085 |
| | |
|ACTIVE POWER DELIVERED TO PHASE C BY THE FEEDER (kW)    | 1339.3144|
| | |
|TOTAL ACTIVE POWER DELIVERED BY THE FEEDER (kW)         | 3001.6698|

*********************************************************************

|REACTIVE POWER DELIVERED TO PHASE A BY THE FEEDER (kVAr)| 340.7231 |
| | |
|REACTIVE POWER DELIVERED TO PHASE B BY THE FEEDER (kVAr)|  52.9964 |
| | |
|REACTIVE POWER DELIVERED TO PHASE C BY THE FEEDER (kVAr)| 429.3865 |
| | |
|TOTAL REACTIVE POWER DELIVERED BY THE FEEDER (kVAr)     | 823.1060|

*********************************************************************

|APARENT POWER LOSSES IN PHASE A (kVA)                   | 124.6073 |
| | |
|APARENT POWER LOSSES IN PHASE B (kVA)                   |  13.1440 |
| | |
|APARENT POWER LOSSES IN PHASE C (kVA)                   | 176.8718 |
| | |
|TOTAL APARENT POWER LOSSES IN THE SYSTEM (kVA)          | 296.6929 |

*********************************************************************

|ACTIVE POWER LOSSES IN PHASE A (kW)                     |  10.1985 |
| | |
|ACTIVE POWER LOSSES IN PHASE B (kW)                     | 10.5366 |
| | |
|ACTIVE POWER LOSSES IN PHASE C (kW)                     |  95.1795 |
| | |
|TOTAL ACTIVE POWER LOSSES IN THE SYSTEM (kW)            |  94.8415 |

*********************************************************************

|REACTIVE POWER LOSSES IN PHASE A (kVAr)                 | 124.1893 |
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| | |
|REACTIVE POWER LOSSES IN PHASE B (kVAr)                 |   7.8578 |
| | |
|REACTIVE POWER LOSSES IN PHASE C (kVAr)                 | 149.0788 |
| | |
|TOTAL REACTIVE LOSSES IN THE SYSTEM (kVAr)              | 281.1259 |

*********************************************************************

|POWER FACTOR FOR PHASE A                                |   0.9512 |
| | |
|POWER FACTOR FOR PHASE B                                |   0.9963 |
| | |
|POWER FACTOR FOR PHASE C                                |   0.9523 |
| | |
|TOTAL POWER FACTOR                                      |   0.9644 |

>> 



Profile Summary

Generated 23-Sep-2010 13:44:02 using cpu time.

Function Name Calls Total Time Self Time* Total Time Plot

(dark band = self time)

fundamental 1 0.479 s 0.171 s

results 6 0.205 s 0.164 s

lineC 6 0.055 s 0.055 s

angle 958 0.041 s 0.041 s

cell2mat 25 0.021 s 0.021 s

inputs 1 0.007 s 0.007 s

distributedLOAD 1 0.007 s 0.007 s

genZ 1 0.007 s 0.007 s

genA 1 0.007 s 0.007 s

configurations 1 0 s 0.000 s

Self time is the time spent in a function excluding the time spent in its child functions.

Self time also includes overhead resulting from the process of profiling.



B – Power Flow Results

B.2 Harmonic Power Flow Results

B.2.1 Method 1

132



1 0 / 1 0 / 1 0 10:49 AM MATLAB Command Window 1 of 26

*************************************************************************************

             SHUNT CAPACITORS CURRENTS AT HARMONIC ORDER # 1 

| Bus | Bus Name  |        Phase A       |        Phase B      |      Phase C        |
|  No |   IEEE    |    pu     |  Degree  |     pu    |  Degree |    pu     |  Degree |

   4         4      9.7849e 02   88.8086   9.5864e 02  32.1917  9.8794e 02  152.3799

********************************************************************************************************
****

                                    LOADS CURRENTS AT HARMONIC ORDER # 1 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    pu           Degree  |        pu             Degree  |        pu            Degree  
| 

   4         4     6.8557e 01    27.7565        9.8410e 01      154.1971       7.3690e 01      
101.6747 

********************************************************************************************************
****

                                   BUS VOLTAGES AT HARMONIC ORDER # 1 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    pu           Degree  |        pu             Degree  |        pu            Degree  
| 

   1         1     1.0000e+00      0.0000        1.0000e+00      120.0000       1.0000e+00      
120.0000

   2         2     9.9754e 01     0.0375        9.9504e 01      120.1698       9.9890e 01      
119.7586

   3         3     9.8155e 01     1.1400        9.6469e 01      121.9589       9.8911e 01      
117.9278

   4         4     9.7849e 01     1.1913        9.5862e 01      122.1918       9.8794e 01      
117.6199

********************************************************************************************

                     BRANCH CURRENTS AT HARMONIC ORDER # 1 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    269.6945  19.9913   390.0566      149.2191       298.1491   109.2977

      2        1    2   89.9703  19.9913   130.1231    149.2191        99.4627  109.2977

      3        2    3  269.6945  19.9913   390.0566    149.2191       298.1491  109.2977

      4        3    4  269.6945  19.9913   390.0566    149.2191       298.1491  109.2977

*****************************************************************************

                            BRANCH LOSSES AT HARMONIC ORDER # 1 

| Branch |  Branch   |      Phase A     |      Phase B      |      Phase C      |
|   No   |   IEEE    |   kW   |  Degree |    kW   |  Degree |    kW   |  Degree |

    1       0  1     0.0000     0.0000     0.0000  

    2        1    2    1.3532     2.7102     0.2186  

    3        2    3    5.6703    11.5432     3.1411  

    4        3    4    1.6915     3.3877     0.2733  

*********************************************************************
                HARMONIC ORDER # 1 
*********************************************************************

|No of ITERATIONS MADE                                   |     4   |

*********************************************************************
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|ACTIVE POWER LOSSES IN PHASE A (kW)                     |   8.7150 |
| | |
|ACTIVE POWER LOSSES IN PHASE B (kW)                     |  17.6411 |
| | |
|ACTIVE POWER LOSSES IN PHASE C (kW)                     |   3.6330 |
| | |
|TOTAL ACTIVE POWER LOSSES IN THE SYSTEM (kW)            |  29.9890 |

*********************************************************************
 
 Harmonic Order # 2
Convergence criterium: Zl*Ys < 1 ?
 
ZY =
 
   0.049874120370321   0.031514435853938   0.019738106147352
   0.022042583410433   0.069578149101420   0.021528565775664
   0.017268691035559   0.026926848126409   0.056405118399338
 
 
 Convergence crterium reached. Method should convergence for armonic 2 wil be posible
********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 2  (Iteration # 1) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1      0.0000    0.0000     0.0000        0.0000          0.0000     0.0000

      2        1    2    0.0000    0.0000     0.0000      0.0000          0.0000    0.0000

      3        2    3    0.0000    0.0000     0.0000      0.0000          0.0000    0.0000

      4        3    4    0.0000    0.0000     0.0000      0.0000          0.0000    0.0000

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 2  (Iteration # 1) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   3         3     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   4         4     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

*************************************************************************************

             SHUNT CAPACITORS CURRENTS AT HARMONIC ORDER # 2 

| Bus | Bus Name  |        Phase A       |        Phase B      |      Phase C        |
|  No |   IEEE    |    pu     |  Degree  |     pu    |  Degree |    pu     |  Degree |

   4         4      0.0000e+00    0.0000   0.0000e+00    0.0000  0.0000e+00    0.0000

********************************************************************************************************
****

                                    LOADS CURRENTS AT HARMONIC ORDER # 2 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    pu           Degree  |        pu             Degree  |        pu            Degree  
| 

   4         4     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000 
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********************************************************************************************************
****

                                   BUS VOLTAGES AT HARMONIC ORDER # 2 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    pu           Degree  |        pu             Degree  |        pu            Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   3         3     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   4         4     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

********************************************************************************************

                     BRANCH CURRENTS AT HARMONIC ORDER # 2 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1      0.0000    0.0000     0.0000        0.0000          0.0000     0.0000

      2        1    2    0.0000    0.0000     0.0000      0.0000          0.0000    0.0000

      3        2    3    0.0000    0.0000     0.0000      0.0000          0.0000    0.0000

      4        3    4    0.0000    0.0000     0.0000      0.0000          0.0000    0.0000

*****************************************************************************

                            BRANCH LOSSES AT HARMONIC ORDER # 2 

| Branch |  Branch   |      Phase A     |      Phase B      |      Phase C      |
|   No   |   IEEE    |   kW   |  Degree |    kW   |  Degree |    kW   |  Degree |

    1       0  1     0.0000     0.0000     0.0000  

    2        1    2    0.0000     0.0000     0.0000  

    3        2    3    0.0000     0.0000     0.0000  

    4        3    4    0.0000     0.0000     0.0000  

*********************************************************************
                HARMONIC ORDER # 2 
*********************************************************************

|No of ITERATIONS MADE                                   |     1   |

*********************************************************************

|ACTIVE POWER LOSSES IN PHASE A (kW)                     |   0.0000 |
| | |
|ACTIVE POWER LOSSES IN PHASE B (kW)                     |   0.0000 |
| | |
|ACTIVE POWER LOSSES IN PHASE C (kW)                     |   0.0000 |
| | |
|TOTAL ACTIVE POWER LOSSES IN THE SYSTEM (kW)            |   0.0000 |

*********************************************************************
 
 Harmonic Order # 3
Convergence criterium: Zl*Ys < 1 ?
 
ZY =
 
   0.150788339978876   0.095763974340612   0.059683473613435
   0.067582351620598   0.207092352740909   0.065525808593978
   0.051650932729401   0.080340917642355   0.171920200081123
 
 
 Convergence crterium reached. Method should convergence for armonic 3 wil be posible
********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 3  (Iteration # 1) 
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| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1      1.8567  74.3769     1.3269      140.4166          0.3681    45.7021

      2        1    2    1.8567  74.3769     1.3269    140.4166          0.3681   45.7021

      3        2    3    5.5656  74.3769     3.9776    140.4166          1.1033   45.7021

      4        3    4    5.5656  74.3769     3.9776    140.4166          1.1033   45.7021

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 3  (Iteration # 1) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     4.4995e 04    174.1237        2.2726e 04       68.1220        1.0999e 05      
168.0856

   3         3     1.6378e 03    174.1237        8.2723e 04       68.1220        4.0035e 05      
168.0856

   4         4     2.2003e 03    174.1237        1.1113e 03       68.1220        5.3783e 05      
168.0856

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 3  (Iteration # 2) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1      1.7581  80.0667     1.3515      134.2220          0.3646    46.5233

      2        1    2    1.7581  80.0667     1.3515    134.2220          0.3646   46.5233

      3        2    3    5.2700  80.0667     4.0512    134.2220          1.0928   46.5233

      4        3    4    5.2700  80.0667     4.0512    134.2220          1.0928   46.5233

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 3  (Iteration # 2) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     4.0984e 04    166.9954        2.4452e 04       56.9461        1.6316e 05       
22.1465

   3         3     1.4918e 03    166.9954        8.9005e 04       56.9461        5.9388e 05       
22.1465

   4         4     2.0041e 03    166.9954        1.1957e 03       56.9461        7.9783e 05       
22.1465

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 3  (Iteration # 3) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1      1.7461  79.1411     1.3230      133.5865          0.3768    45.2355
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      2        1    2    1.7461  79.1411     1.3230    133.5865          0.3768   45.2355

      3        2    3    5.2341  79.1411     3.9659    133.5865          1.1295   45.2355

      4        3    4    5.2341  79.1411     3.9659    133.5865          1.1295   45.2355

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 3  (Iteration # 3) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     4.0542e 04    169.0987        2.2976e 04       55.6565        1.5035e 05      
21.8562

   3         3     1.4757e 03    169.0987        8.3631e 04       55.6565        5.4728e 05      
21.8562

   4         4     1.9825e 03    169.0987        1.1235e 03       55.6565        7.3522e 05      
21.8562

*************************************************************************************

             SHUNT CAPACITORS CURRENTS AT HARMONIC ORDER # 3 

| Bus | Bus Name  |        Phase A       |        Phase B      |      Phase C        |
|  No |   IEEE    |    pu     |  Degree  |     pu    |  Degree |    pu     |  Degree |

   4         4      1.9825e 04  100.9013   1.1235e 04  145.6565  7.3522e 06   68.1438

********************************************************************************************************
****

                                    LOADS CURRENTS AT HARMONIC ORDER # 3 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    pu           Degree  |        pu             Degree  |        pu            Degree  
| 

   4         4     1.2387e 02    78.8012        9.4153e 03      133.4435        2.7059e 03       
45.1749 

********************************************************************************************************
****

                                   BUS VOLTAGES AT HARMONIC ORDER # 3 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    pu           Degree  |        pu             Degree  |        pu            Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     4.0542e 04    169.0987        2.2976e 04       55.6565        1.5035e 05      
21.8562

   3         3     1.4757e 03    169.0987        8.3631e 04       55.6565        5.4728e 05      
21.8562

   4         4     1.9825e 03    169.0987        1.1235e 03       55.6565        7.3522e 05      
21.8562

********************************************************************************************
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                     BRANCH CURRENTS AT HARMONIC ORDER # 3 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1      5.2341  79.1411     3.9659      133.5865          1.1295    45.2355

      2        1    2    1.7461  79.1411     1.3230    133.5865          0.3768   45.2355

      3        2    3    5.2341  79.1411     3.9659    133.5865          1.1295   45.2355

      4        3    4    5.2341  79.1411     3.9659    133.5865          1.1295   45.2355

*****************************************************************************

                            BRANCH LOSSES AT HARMONIC ORDER # 3 

| Branch |  Branch   |      Phase A     |      Phase B      |      Phase C      |
|   No   |   IEEE    |   kW   |  Degree |    kW   |  Degree |    kW   |  Degree |

    1       0  1     0.0000    0.0000     0.0000  

    2        1    2    0.0019    0.0005    0.0000  

    3        2    3    0.0050    0.0012    0.0000  

    4        3    4    0.0024    0.0006    0.0000  

*********************************************************************
                HARMONIC ORDER # 3 
*********************************************************************

|No of ITERATIONS MADE                                   |     3   |

*********************************************************************

|ACTIVE POWER LOSSES IN PHASE A (kW)                     |   0.0092 |
| | |
|ACTIVE POWER LOSSES IN PHASE B (kW)                     |  0.0022 |
| | |
|ACTIVE POWER LOSSES IN PHASE C (kW)                     |  0.0001 |
| | |
|TOTAL ACTIVE POWER LOSSES IN THE SYSTEM (kW)            |   0.0069 |

*********************************************************************
 
 Harmonic Order # 4
Convergence criterium: Zl*Ys < 1 ?
 
ZY =
 
   0.637616830025859   0.404116438251788   0.250356029223367
   0.286147999742046   0.871832914120840   0.276402088367958
   0.215819432220380   0.336430657496545   0.729515770761282
 
 
 Convergence crterium reached. Method should convergence for armonic 4 wil be posible
********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 4  (Iteration # 1) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1      0.0000    0.0000     0.0000        0.0000          0.0000     0.0000

      2        1    2    0.0000    0.0000     0.0000      0.0000          0.0000    0.0000

      3        2    3    0.0000    0.0000     0.0000      0.0000          0.0000    0.0000

      4        3    4    0.0000    0.0000     0.0000      0.0000          0.0000    0.0000

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 4  (Iteration # 1) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000
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   3         3     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   4         4     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

*************************************************************************************

             SHUNT CAPACITORS CURRENTS AT HARMONIC ORDER # 4 

| Bus | Bus Name  |        Phase A       |        Phase B      |      Phase C        |
|  No |   IEEE    |    pu     |  Degree  |     pu    |  Degree |    pu     |  Degree |

   4         4      0.0000e+00    0.0000   0.0000e+00    0.0000  0.0000e+00    0.0000

********************************************************************************************************
****

                                    LOADS CURRENTS AT HARMONIC ORDER # 4 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    pu           Degree  |        pu             Degree  |        pu            Degree  
| 

   4         4     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000 

********************************************************************************************************
****

                                   BUS VOLTAGES AT HARMONIC ORDER # 4 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    pu           Degree  |        pu             Degree  |        pu            Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   3         3     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   4         4     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

********************************************************************************************

                     BRANCH CURRENTS AT HARMONIC ORDER # 4 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1      0.0000    0.0000     0.0000        0.0000          0.0000     0.0000

      2        1    2    0.0000    0.0000     0.0000      0.0000          0.0000    0.0000

      3        2    3    0.0000    0.0000     0.0000      0.0000          0.0000    0.0000

      4        3    4    0.0000    0.0000     0.0000      0.0000          0.0000    0.0000

*****************************************************************************

                            BRANCH LOSSES AT HARMONIC ORDER # 4 

| Branch |  Branch   |      Phase A     |      Phase B      |      Phase C      |
|   No   |   IEEE    |   kW   |  Degree |    kW   |  Degree |    kW   |  Degree |

    1       0  1     0.0000     0.0000     0.0000  

    2        1    2    0.0000     0.0000     0.0000  

    3        2    3    0.0000     0.0000     0.0000  
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    4        3    4    0.0000     0.0000     0.0000  

*********************************************************************
                HARMONIC ORDER # 4 
*********************************************************************

|No of ITERATIONS MADE                                   |     1   |

*********************************************************************

|ACTIVE POWER LOSSES IN PHASE A (kW)                     |   0.0000 |
| | |
|ACTIVE POWER LOSSES IN PHASE B (kW)                     |   0.0000 |
| | |
|ACTIVE POWER LOSSES IN PHASE C (kW)                     |   0.0000 |
| | |
|TOTAL ACTIVE POWER LOSSES IN THE SYSTEM (kW)            |   0.0000 |

*********************************************************************
 
 Harmonic Order # 5
Convergence criterium: Zl*Ys < 1 ?
 
ZY =
 
   3.414563871589917   2.157647297127712   1.337316128010484
   1.530167251047231   4.661842319637738   1.478616300543190
   1.150707338285221   1.793612286832283   3.914052552500547
 
Convergence criterium not reached. Method convergence for armonic 5 will be not guaranteed
********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 1) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1      0.9284  135.0832     1.2648      165.1033         2.8950   172.8862

      2        1    2    0.9284  135.0832     1.2648    165.1033         2.8950  172.8862

      3        2    3    2.7829  135.0832     3.7915    165.1033         8.6779  172.8862

      4        3    4    2.7829  135.0832     3.7915    165.1033         8.6779  172.8862

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 1) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     1.4643e 02     78.4156        1.6873e 02       92.1859        2.3257e 02       
93.0388

   3         3     5.3302e 02     78.4156        6.1419e 02       92.1859        8.4657e 02       
93.0388

   4         4     7.1606e 02     78.4156        8.2511e 02       92.1859        1.1373e 01       
93.0388

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 2) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1     43.0456  88.9406    35.2188      92.9074         26.7390   101.8275

      2        1    2   43.0456  88.9406    35.2188    92.9074         26.7390  101.8275

      3        2    3  129.0333  88.9406   105.5718    92.9074         80.1527  101.8275

      4        3    4  129.0333  88.9406   105.5718    92.9074         80.1527  101.8275

********************************************************************************************************
****
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                         BUS VOLTAGES AT ORDER # 5  (Iteration # 2) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     4.4729e 01    177.2638        4.1781e 01      175.7187        3.5562e 01      
172.4443

   3         3     1.6281e+00    177.2638        1.5208e+00      175.7187        1.2945e+00      
172.4443

   4         4     2.1872e+00    177.2638        2.0431e+00      175.7187        1.7390e+00      
172.4443

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 3) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    848.2718   6.2685   730.9314       3.8001        783.3929    5.3804

      2        1    2  848.2718   6.2685   730.9314     3.8001        783.3929   5.3804

      3        2    3  2542.7764   6.2685   2191.0371   3.8001        2348.2955   5.3804

      4        3    4  2542.7764   6.2685   2191.0371   3.8001        2348.2955   5.3804

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 3) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     9.5232e+00    96.7574        9.1220e+00      96.0240        8.8006e+00      
96.5313

   3         3     3.4664e+01    96.7574        3.3204e+01      96.0240        3.2034e+01      
96.5313

   4         4     4.6568e+01    96.7574        4.4606e+01      96.0240        4.3035e+01      
96.5313

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 4) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    19629.8391   83.1173   16783.6245   84.5700        16636.5117    81.6806

      2        1    2  19629.8391   83.1173   16783.6245         84.5700        16636.5117   81.6806

      3        2    3  58842.3301   83.1173   50310.5282         84.5700        49869.5434   81.6806

      4        3    4  58842.3301   83.1173   50310.5282         84.5700        49869.5434   81.6806

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 4) 
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| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     2.1665e+02     7.9980        2.0657e+02       7.6151        1.9360e+02       
8.6771

   3         3     7.8861e+02     7.9980        7.5192e+02       7.6151        7.0471e+02       
8.6771

   4         4     1.0594e+03     7.9980        1.0101e+03       7.6151        9.4672e+02       
8.6771

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 5) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    438593.1043  171.2787   375439.3969        172.8819        379339.9028   170.2778

      2        1    2  438593.1043  171.2787   375439.3969      172.8819        379339.9028  170.2778

      3        2    3  1314725.0025  171.2787   1125415.6921    172.8819        1137107.8335  170.2778

      4        3    4  1314725.0025  171.2787   1125415.6921    172.8819        1137107.8335  170.2778

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 5) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     4.8591e+03     80.2663        4.6372e+03       80.7033        4.3766e+03       
79.7561

   3         3     1.7687e+04     80.2663        1.6879e+04       80.7033        1.5931e+04       
79.7561

   4         4     2.3761e+04     80.2663        2.2676e+04       80.7033        2.1402e+04       
79.7561

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 6) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    9877325.5601  100.3530   8453898.3395     98.7737        8502671.7738   
101.4334

      2        1    2  9877325.5601  100.3530   8453898.3395   98.7737        8502671.7738  101.4334

      3        2    3  29608233.1092  100.3530   25341373.1476         98.7737        25487576.2066  
101.4334

      4        3    4  29608233.1092  100.3530   25341373.1476         98.7737        25487576.2066  
101.4334

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 6) 
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| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     1.0934e+05    168.6168        1.0432e+05      169.0451        9.8298e+04      
168.0756

   3         3     3.9798e+05    168.6168        3.7974e+05      169.0451        3.5781e+05      
168.0756

   4         4     5.3465e+05    168.6168        5.1015e+05      169.0451        4.8068e+05      
168.0756

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 7) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    222044096.0315  12.0209   190046645.5221  10.4377        191351812.2552   
13.0873

      2        1    2  222044096.0315  12.0209   190046645.5221        10.4377        191351812.2552  
13.0873

      3        2    3  665598528.2482  12.0209   569683093.6685        10.4377        573595456.4478  
13.0873

      4        3    4  665598528.2482  12.0209   569683093.6685        10.4377        573595456.4478  
13.0873

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 7) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     2.4584e+06    103.0481       2.3458e+06      102.6184       2.2111e+06      
103.5839

   3         3     8.9484e+06    103.0481       8.5386e+06      102.6184       8.0485e+06      
103.5839

   4         4     1.2021e+07    103.0481       1.1471e+07      102.6184       1.0812e+07      
103.5839

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 8) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    4993620592.3913   76.3174   4274030402.4583         77.8999        4302273377.3951  
75.2487

      2        1    2  4993620592.3913   76.3174   4274030402.4583       77.8999        4302273377.3951  
75.2487

      3        2    3  14968857881.5192   76.3174   12811817095.8305     77.8999        
12896478128.8744   75.2487

      4        3    4  14968857881.5192   76.3174   12811817095.8305     77.8999        
12896478128.8744   75.2487

********************************************************************************************************
****
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                         BUS VOLTAGES AT ORDER # 5  (Iteration # 8) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     5.5284e+07    14.7103        5.2752e+07      14.2808        4.9720e+07      
15.2470

   3         3     2.0124e+08    14.7103        1.9202e+08      14.2808        1.8098e+08      
15.2470

   4         4     2.7034e+08    14.7103        2.5796e+08      14.2808        2.4313e+08      
15.2470

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 9) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    112292725925.8960  164.6547   96111006124.2533     166.2373        
96751968795.8695   163.5863

      2        1    2  112292725925.8960  164.6547   96111006124.2533   166.2373        
96751968795.8695  163.5863

      3        2    3  336608243340.3662  164.6547   288101982300.3458  166.2373        
290023329539.5417  163.5863

      4        3    4  336608243340.3662  164.6547   288101982300.3458  166.2373        
290023329539.5417  163.5863

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 9) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     1.2432e+09     73.6271        1.1863e+09       74.0566        1.1181e+09       
73.0905

   3         3     4.5253e+09     73.6271        4.3180e+09       74.0566        4.0699e+09       
73.0905

   4         4     6.0793e+09     73.6271        5.8008e+09       74.0566        5.4675e+09       
73.0905

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 10) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    2525206540756.8628  107.0079   2161317583903.2610         105.4253       
2175700626279.1606   108.0763

      2        1    2  2525206540756.8628  107.0079   2161317583903.2610       105.4253       
2175700626279.1606  108.0763

      3        2    3  7569549414239.9219  107.0079   6478757276748.4766       105.4253       
6521871829255.0801  108.0763

      4        3    4  7569549414239.9219  107.0079   6478757276748.4766       105.4253       
6521871829255.0801  108.0763
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********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 10) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     2.7957e+10    161.9645        2.6676e+10      162.3940        2.5143e+10      
161.4279

   3         3     1.0176e+11    161.9645        9.7101e+10      162.3940        9.1522e+10      
161.4279

   4         4     1.3671e+11    161.9645        1.3045e+11      162.3940        1.2295e+11      
161.4279

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 11) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    56785843310086.2812  18.6705   48602847149251.5234        17.0879        
48926447836449.3516   19.7389

      2        1    2  56785843310086.2812  18.6705   48602847149251.5234      17.0879        
48926447836449.3516  19.7389

      3        2    3  170221025499225.0000  18.6705   145691707680568.8750    17.0879        
146661731855895.0312  19.7389

      4        3    4  170221025499225.0000  18.6705   145691707680568.8750    17.0879        
146661731855895.0312  19.7389

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 11) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     6.2868e+11    109.6981       5.9988e+11      109.2686       5.6541e+11      
110.2347

   3         3     2.2884e+12    109.6981       2.1836e+12      109.2686       2.0581e+12      
110.2347

   4         4     3.0743e+12    109.6981       2.9334e+12      109.2686       2.7649e+12      
110.2347

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 12) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    1276978945234797.2500   69.6669   1092962799957181.1250     71.2495        
1100238977736753.1250    68.5985

      2        1    2  1276978945234797.2500   69.6669   1092962799957181.1250   71.2495        
1100238977736753.1250   68.5985

      3        2    3  3827867174778347.0000   69.6669   3276261085448569.0000   71.2495        
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3298072127975315.5000   68.5985

      4        3    4  3827867174778347.0000   69.6669   3276261085448569.0000   71.2495        
3298072127975315.5000   68.5985

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 12) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     1.4138e+13    21.3607        1.3490e+13      20.9312        1.2715e+13      
21.8973

   3         3     5.1461e+13    21.3607        4.9104e+13      20.9312        4.6282e+13      
21.8973

   4         4     6.9133e+13    21.3607        6.5966e+13      20.9312        6.2175e+13      
21.8973

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 13) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    28716220741019216.0000  158.0043   24578134918124308.0000  159.5869        
24741763174077388.0000   156.9359

      2        1    2  28716220741019216.0000  158.0043   24578134918124308.0000        159.5869        
24741763174077388.0000  156.9359

      3        2    3  86079632846276352.0000  158.0043   73675322699281280.0000        159.5869        
74165814129986784.0000  156.9359

      4        3    4  86079632846276352.0000  158.0043   73675322699281280.0000        159.5869        
74165814129986784.0000  156.9359

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 13) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     3.1792e+14     66.9767        3.0336e+14       67.4062        2.8593e+14       
66.4401

   3         3     1.1572e+15     66.9767        1.1042e+15       67.4062        1.0408e+15       
66.4401

   4         4     1.5546e+15     66.9767        1.4834e+15       67.4062        1.3982e+15       
66.4401

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 14) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    645759575543776768.0000  113.6583   552703858273990656.0000       112.0757       
556383446753472896.0000   114.7267
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      2        1    2  645759575543776768.0000  113.6583   552703858273990656.0000     112.0757       
556383446753472896.0000  114.7267

      3        2    3  1935726419959350528.0000  113.6583   1656782959778044160.0000   112.0757       
1667812880051876608.0000  114.7267

      4        3    4  1935726419959350528.0000  113.6583   1656782959778044160.0000   112.0757       
1667812880051876608.0000  114.7267

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 14) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     7.1493e+15    155.3141        6.8218e+15      155.7436        6.4298e+15      
154.7775

   3         3     2.6023e+16    155.3141        2.4831e+16      155.7436        2.3404e+16      
154.7775

   4         4     3.4960e+16    155.3141        3.3359e+16      155.7436        3.1442e+16      
154.7775

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 15) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    14521598354718298112.0000  25.3209   12428996394163853312.0000    23.7382        
12511741709287168000.0000   26.3893

      2        1    2  14521598354718298112.0000  25.3209   12428996394163853312.0000  23.7382        
12511741709287168000.0000  26.3893

      3        2    3  43529887375802212352.0000  25.3209   37257111787313283072.0000  23.7382        
37505148825675718656.0000  26.3893

      4        3    4  43529887375802212352.0000  25.3209   37257111787313283072.0000  23.7382        
37505148825675718656.0000  26.3893

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 15) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     1.6077e+17    116.3485       1.5341e+17      115.9190       1.4459e+17      
116.8851

   3         3     5.8520e+17    116.3485       5.5840e+17      115.9190       5.2631e+17      
116.8851

   4         4     7.8617e+17    116.3485       7.5015e+17      115.9190       7.0705e+17      
116.8851

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 16) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |



1 0 / 1 0 / 1 0 10:49 AM MATLAB Command Window 16 of 26

    1        0  1    326556240742975864832.0000   63.0165   279498595119200796672.0000   64.5992        
281359340055334191104.0000    61.9481

      2        1    2  326556240742975864832.0000   63.0165   279498595119200796672.0000         
64.5992        281359340055334191104.0000   61.9481

      3        2    3  978883731265603108864.0000   63.0165   837823913734719668224.0000         
64.5992        843401675598561804288.0000   61.9481

      4        3    4  978883731265603108864.0000   63.0165   837823913734719668224.0000         
64.5992        843401675598561804288.0000   61.9481

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 16) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     3.6153e+18    28.0111        3.4497e+18      27.5816        3.2515e+18      
28.5477

   3         3     1.3160e+19    28.0111        1.2557e+19      27.5816        1.1835e+19      
28.5477

   4         4     1.7679e+19    28.0111        1.6869e+19      27.5816        1.5900e+19      
28.5477

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 17) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    7343473885599322079232.0000  151.3539   6285259254612772257792.0000        
152.9366        6327102989645000998912.0000   150.2855

      2        1    2  7343473885599322079232.0000  151.3539   6285259254612772257792.0000      
152.9366        6327102989645000998912.0000  150.2855

      3        2    3  22012769075342199488512.0000  151.3539   18840668967553193738240.0000    
152.9366        18966099586748357017600.0000  150.2855

      4        3    4  22012769075342199488512.0000  151.3539   18840668967553193738240.0000    
152.9366        18966099586748357017600.0000  150.2855

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 17) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     8.1300e+19     60.3263        7.7576e+19       60.7558        7.3119e+19       
59.7897

   3         3     2.9593e+20     60.3263        2.8238e+20       60.7558        2.6615e+20       
59.7897

   4         4     3.9756e+20     60.3263        3.7935e+20       60.7558        3.5755e+20       
59.7897

********************************************************************************************
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            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 18) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    165137278020312524390400.0000  120.3087   141340545514613057257472.0000   
118.7260       142281511670877553426432.0000   121.3771

      2        1    2  165137278020312524390400.0000  120.3087   141340545514613057257472.0000         
118.7260       142281511670877553426432.0000  121.3771

      3        2    3  495014869450311807795200.0000  120.3087   423681875617121405239296.0000         
118.7260       426502512148039245758464.0000  121.3771

      4        3    4  495014869450311807795200.0000  120.3087   423681875617121405239296.0000         
118.7260       426502512148039245758464.0000  121.3771

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 18) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     1.8283e+21    148.6637        1.7445e+21      149.0932        1.6443e+21      
148.1272

   3         3     6.6548e+21    148.6637        6.3500e+21      149.0932        5.9851e+21      
148.1272

   4         4     8.9401e+21    148.6637        8.5306e+21      149.0932        8.0404e+21      
148.1272

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 19) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    3713544981004637763010560.0000  31.9713   3178413013100739117973504.0000  
30.3886        3199573106092387592044544.0000   33.0397

      2        1    2  3713544981004637763010560.0000  31.9713   3178413013100739117973504.0000        
30.3886        3199573106092387592044544.0000  33.0397

      3        2    3  11131708152194192159801344.0000  31.9713   9527598623405340910157824.0000       
30.3886        9591028036772131650928640.0000  33.0397

      4        3    4  11131708152194192159801344.0000  31.9713   9527598623405340910157824.0000       
30.3886        9591028036772131650928640.0000  33.0397

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 19) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     4.1113e+22    122.9989       3.9230e+22      122.5694       3.6976e+22      
123.5354

   3         3     1.4965e+23    122.9989       1.4280e+23      122.5694       1.3459e+23      
123.5354

   4         4     2.0104e+23    122.9989       1.9183e+23      122.5694       1.8081e+23      
123.5354
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********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 20) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    83508802442270944278872064.0000   56.3661   71474956072624267917787136.0000         
57.9488        71950796282704504385699840.0000    55.2977

      2        1    2  83508802442270944278872064.0000   56.3661   71474956072624267917787136.0000       
57.9488        71950796282704504385699840.0000   55.2977

      3        2    3  250325665013249661953114112.0000   56.3661   214253053419621314486861824.0000     
57.9488        215679430203203154020925440.0000   55.2977

      4        3    4  250325665013249661953114112.0000   56.3661   214253053419621314486861824.0000     
57.9488        215679430203203154020925440.0000   55.2977

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 20) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     9.2453e+23    34.6615        8.8219e+23      34.2320        8.3149e+23      
35.1980

   3         3     3.3653e+24    34.6615        3.2112e+24      34.2320        3.0266e+24      
35.1980

   4         4     4.5210e+24    34.6615        4.3139e+24      34.2320        4.0660e+24      
35.1980

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 21) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    1877914532071572322190884864.0000  144.7036   1607301922222407986804948992.0000    
146.2862        1618002437850416873149038592.0000   143.6351

      2        1    2  1877914532071572322190884864.0000  144.7036   1607301922222407986804948992.0000  
146.2862        1618002437850416873149038592.0000  143.6351

      3        2    3  5629229378589545686189998080.0000  144.7036   4818042060123420378529792000.0000  
146.2862        4850117884614110500205101056.0000  143.6351

      4        3    4  5629229378589545686189998080.0000  144.7036   4818042060123420378529792000.0000  
146.2862        4850117884614110500205101056.0000  143.6351

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 21) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     2.0791e+25     53.6759        1.9838e+25       54.1054        1.8698e+25       
53.1394

   3         3     7.5678e+25     53.6759        7.2211e+25       54.1054        6.8062e+25       
53.1394
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   4         4     1.0167e+26     53.6759        9.7009e+25       54.1054        9.1435e+25       
53.1394

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 22) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    42229835497938655566874279936.0000  126.9590   36144400936126544704239042560.0000  
125.3764       36385030105867366448555360256.0000   128.0275

      2        1    2  42229835497938655566874279936.0000  126.9590   
36144400936126544704239042560.0000       125.3764       36385030105867366448555360256.0000  128.0275

      3        2    3  126587992466176690832545939456.0000  126.9590   
108346317229206251240649916416.0000     125.3764       109067626302924520049627627520.0000  128.0275

      4        3    4  126587992466176690832545939456.0000  126.9590   
108346317229206251240649916416.0000     125.3764       109067626302924520049627627520.0000  128.0275

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 22) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     4.6753e+26    142.0133        4.4612e+26      142.4428        4.2048e+26      
141.4768

   3         3     1.7018e+27    142.0133        1.6239e+27      142.4428        1.5305e+27      
141.4768

   4         4     2.2862e+27    142.0133        2.1815e+27      142.4428        2.0561e+27      
141.4768

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 23) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    949648653187395663400875851776.0000  38.6216   
812801690192073787382599516160.0000        37.0390        818212868432989110249560473600.0000   
39.6901

      2        1    2  949648653187395663400875851776.0000  38.6216   
812801690192073787382599516160.0000      37.0390        818212868432989110249560473600.0000  39.6901

      3        2    3  2846663150299717314462028398592.0000  38.6216   
2436451220359413532725631516672.0000    37.0390        2452671747442157365648613703680.0000  39.6901

      4        3    4  2846663150299717314462028398592.0000  38.6216   
2436451220359413532725631516672.0000    37.0390        2452671747442157365648613703680.0000  39.6901

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 23) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     1.0514e+28    129.6493       1.0032e+28      129.2197       9.4556e+27      
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130.1858

   3         3     3.8270e+28    129.6493       3.6517e+28      129.2197       3.4418e+28      
130.1858

   4         4     5.1412e+28    129.6493       4.9057e+28      129.2197       4.6238e+28      
130.1858

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 24) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    21355341640974951984209055449088.0000   49.7158   
18277978620992582315031484432384.0000     51.2984        18399663161508583732083683229696.0000    
48.6473

      2        1    2  21355341640974951984209055449088.0000   49.7158   
18277978620992582315031484432384.0000   51.2984        18399663161508583732083683229696.0000   48.6473

      3        2    3  64014689967057130571544695668736.0000   49.7158   
54789998414369592592286611406848.0000   51.2984        55154759525002889282047394709504.0000   48.6473

      4        3    4  64014689967057130571544695668736.0000   49.7158   
54789998414369592592286611406848.0000   51.2984        55154759525002889282047394709504.0000   48.6473

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 24) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     2.3643e+29    41.3119        2.2560e+29      40.8823        2.1263e+29      
41.8484

   3         3     8.6059e+29    41.3119        8.2117e+29      40.8823        7.7399e+29      
41.8484

   4         4     1.1561e+30    41.3119        1.1032e+30      40.8823        1.0398e+30      
41.8484

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 25) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    480230888626094606250882732392448.0000  138.0532   
411028306782325571475248206839808.0000  139.6358        413764702949922149835018233446400.0000   
136.9847

      2        1    2  480230888626094606250882732392448.0000  138.0532   
411028306782325571475248206839808.0000        139.6358        413764702949922149835018233446400.0000  
136.9847

      3        2    3  1439538264703702018190532071653376.0000  138.0532   
1232096871532596159099203148054528.0000      139.6358        1240299482159983115828124899606528.0000  
136.9847

      4        3    4  1439538264703702018190532071653376.0000  138.0532   
1232096871532596159099203148054528.0000      139.6358        1240299482159983115828124899606528.0000  
136.9847

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 25) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
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|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     5.3167e+30     47.0256        5.0731e+30       47.4551        4.7816e+30       
46.4890

   3         3     1.9353e+31     47.0256        1.8466e+31       47.4551        1.7405e+31       
46.4890

   4         4     2.5999e+31     47.0256        2.4808e+31       47.4551        2.3382e+31       
46.4890

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 26) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    10799251553443182907441604036919296.0000  133.6094   
9243049927977829006059671270719488.0000      132.0268       9304584975521925986129622188687360.0000   
134.6778

      2        1    2  10799251553443182907441604036919296.0000  133.6094   
9243049927977829006059671270719488.0000    132.0268       9304584975521925986129622188687360.0000  
134.6778

      3        2    3  32371794921018388283643497581379584.0000  133.6094   
27706930913914312088794113710751744.0000   132.0268       27891388135759238627928174569193472.0000  
134.6778

      4        3    4  32371794921018388283643497581379584.0000  133.6094   
27706930913914312088794113710751744.0000   132.0268       27891388135759238627928174569193472.0000  
134.6778

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 26) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     1.1956e+32    135.3630        1.1408e+32      135.7925        1.0753e+32      
134.8264

   3         3     4.3520e+32    135.3630        4.1526e+32      135.7925        3.9140e+32      
134.8264

   4         4     5.8465e+32    135.3630        5.5787e+32      135.7925        5.2581e+32      
134.8264

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 27) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    242849506095281026603792051891863552.0000  45.2720   
207854229407940616074731991871782912.0000    43.6894        209238006406715056946648529017765888.0000   
46.3404

      2        1    2  242849506095281026603792051891863552.0000  45.2720   
207854229407940616074731991871782912.0000  43.6894        209238006406715056946648529017765888.0000  
46.3404

      3        2    3  727964745434652577222811116283887616.0000  45.2720   
623063038633898966287152193975877632.0000  43.6894        627211043243205988935229022016634880.0000  
46.3404

      4        3    4  727964745434652577222811116283887616.0000  45.2720   
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623063038633898966287152193975877632.0000  43.6894        627211043243205988935229022016634880.0000  
46.3404

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 27) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     2.6886e+33    136.2996       2.5655e+33      135.8701       2.4180e+33      
136.8362

   3         3     9.7865e+33    136.2996       9.3383e+33      135.8701       8.8017e+33      
136.8362

   4         4     1.3147e+34    136.2996       1.2545e+34      135.8701       1.1824e+34      
136.8362

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 28) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    5461108329485883977217830030082572288.0000   43.0654   
4674147713082918192210048363452694528.0000   44.6480        4705265569633934641075522183662403584.0000    
41.9970

      2        1    2  5461108329485883977217830030082572288.0000   43.0654   
4674147713082918192210048363452694528.0000         44.6480        
4705265569633934641075522183662403584.0000   41.9970

      3        2    3  16370197324204078769842180703081463808.0000   43.0654   
14011207207246153621508159780784439296.0000       44.6480        
14104485974359413476670821982172872704.0000   41.9970

      4        3    4  16370197324204078769842180703081463808.0000   43.0654   
14011207207246153621508159780784439296.0000       44.6480        
14104485974359413476670821982172872704.0000   41.9970

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 28) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     6.0460e+34    47.9622        5.7691e+34      47.5327        5.4376e+34      
48.4988

   3         3     2.2008e+35    47.9622        2.1000e+35      47.5327        1.9793e+35      
48.4988

   4         4     2.9565e+35    47.9622        2.8211e+35      47.5327        2.6590e+35      
48.4988

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 29) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    122807349563556017574728055367172882432.0000  131.4028   
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105110475288137856217999050237320101888.0000      132.9854        
105810241939258104912825104293567660032.0000   130.3344

      2        1    2  122807349563556017574728055367172882432.0000  131.4028   
105110475288137856217999050237320101888.0000    132.9854        
105810241939258104912825104293567660032.0000  130.3344

      3        2    3  368126838715755641196367382406259277824.0000  131.4028   
315078756452663262696984945370056359936.0000    132.9854        
317176374274651118709665798110278844416.0000  130.3344

      4        3    4  368126838715755641196367382406259277824.0000  131.4028   
315078756452663262696984945370056359936.0000    132.9854        
317176374274651118709665798110278844416.0000  130.3344

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 29) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     1.3596e+36     40.3752        1.2973e+36       40.8047        1.2228e+36       
39.8386

   3         3     4.9490e+36     40.3752        4.7223e+36       40.8047        4.4509e+36       
39.8386

   4         4     6.6485e+36     40.3752        6.3440e+36       40.8047        5.9794e+36       
39.8386

********************************************************************************************

            BRANCH CURRENTS AT HARMONIC ORDER # 5  (Iteration # 30) 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    2761645475039541454000780497382151290880.0000  140.2598   
2363684824160422751259705422020832395264.0000   138.6772       
2379420913348226402519485955510483550208.0000   141.3282

      2        1    2  2761645475039541454000780497382151290880.0000  140.2598   
2363684824160422751259705422020832395264.0000         138.6772       
2379420913348226402519485955510483550208.0000  141.3282

      3        2    3  8278297854265162812789385499597521027072.0000  140.2598   
7085372537807805751397878399815632551936.0000         138.6772       
7132542978233745571429083628629955444736.0000  141.3282

      4        3    4  8278297854265162812789385499597521027072.0000  140.2598   
7085372537807805751397878399815632551936.0000         138.6772       
7132542978233745571429083628629955444736.0000  141.3282

********************************************************************************************************
****

                         BUS VOLTAGES AT ORDER # 5  (Iteration # 30) 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    V            Degree  |        V              Degree  |        V    |        Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     3.0574e+37    128.7126        2.9174e+37      129.1421        2.7498e+37      
128.1760

   3         3     1.1129e+38    128.7126        1.0619e+38      129.1421        1.0009e+38      
128.1760
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   4         4     1.4951e+38    128.7126        1.4266e+38      129.1421        1.3446e+38      
128.1760

WARNING: maximun number of iteration have been reached. 
 It is possible that the iterative process is diverging.
 It is possible that the system is in resonace at 5 harmonic order.
*************************************************************************************

             SHUNT CAPACITORS CURRENTS AT HARMONIC ORDER # 5 

| Bus | Bus Name  |        Phase A       |        Phase B      |      Phase C        |
|  No |   IEEE    |    pu     |  Degree  |     pu    |  Degree |    pu     |  Degree |

   4         4      2.4918e+37  141.2874   2.3777e+37  140.8579  2.2411e+37  141.8240

********************************************************************************************************
****

                                    LOADS CURRENTS AT HARMONIC ORDER # 5 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    pu           Degree  |        pu             Degree  |        pu            Degree  
| 

   4         4     5.0513e+36     34.6646        6.8025e+36       33.6797        5.2825e+36       
36.5681 

********************************************************************************************************
****

                                   BUS VOLTAGES AT HARMONIC ORDER # 5 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    pu           Degree  |        pu             Degree  |        pu            Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     3.0574e+37    128.7126        2.9174e+37      129.1421        2.7498e+37      
128.1760

   3         3     1.1129e+38    128.7126        1.0619e+38      129.1421        1.0009e+38      
128.1760

   4         4     1.4951e+38    128.7126        1.4266e+38      129.1421        1.3446e+38      
128.1760

********************************************************************************************

                     BRANCH CURRENTS AT HARMONIC ORDER # 5 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    8278297854265162812789385499597521027072.0000  140.2598   
7085372537807805751397878399815632551936.0000   138.6772       
7132542978233745571429083628629955444736.0000   141.3282

      2        1    2  2761645475039541454000780497382151290880.0000  140.2598   
2363684824160422751259705422020832395264.0000         138.6772       
2379420913348226402519485955510483550208.0000  141.3282

      3        2    3  8278297854265162812789385499597521027072.0000  140.2598   
7085372537807805751397878399815632551936.0000         138.6772       
7132542978233745571429083628629955444736.0000  141.3282

      4        3    4  8278297854265162812789385499597521027072.0000  140.2598   
7085372537807805751397878399815632551936.0000         138.6772       
7132542978233745571429083628629955444736.0000  141.3282

*****************************************************************************

                            BRANCH LOSSES AT HARMONIC ORDER # 5 

| Branch |  Branch   |      Phase A     |      Phase B      |      Phase C      |
|   No   |   IEEE    |   kW   |  Degree |    kW   |  Degree |    kW   |  Degree |
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    1       0  1    0.0000    0.0000    0.0000  

    2        1    2  10902371368987885148556932572932678832984431757566886577964449773276626944000.0000  
 18891606047267817131177945510916519311710668097553876647844499490747141062656.0000   

4075753993139192521453435573979837686374718182774198792715855095884939264000.0000  

    3        2    3  28782260322024900471865998668703971611041134818448220772441033704671805440000.0000  
 49873839805190758886245371962334801608886113628129795842712371374849863450624.0000   

10759990507455470192565923267095728672657315919459426877731483833742655488000.0000  

    4        3    4  13627964211234604949892239184187726224163088305011313497687035209517059014656.0000  
 23614507559084609113229961730627819401467008664519491067303252301357560889344.0000   

5094692491423790186295773158437923248197378168433083846071344466449970233344.0000  

*********************************************************************
                HARMONIC ORDER # 5 
*********************************************************************

|No of ITERATIONS MADE                                   |     30   |

*********************************************************************

|ACTIVE POWER LOSSES IN PHASE A (kW)                     | 
53312595902247388963377126166834101126226562539863818325889524904672656097280.0000 |
| | |
|ACTIVE POWER LOSSES IN PHASE B (kW)                     | 
92379953411543188344529367721859691405987975072528368602266110732540236005376.0000 |
| | |
|ACTIVE POWER LOSSES IN PHASE C (kW)                     | 
19930436992018451293377087740523214065267319929504106994315689613284729683968.0000 |
| | |
|TOTAL ACTIVE POWER LOSSES IN THE SYSTEM (kW)            | 
165622986305809041456787935701139210933178596271197114100095275512840304197632.0000 |

*********************************************************************
WARNING: maximun number of iteration have been reached. 
 It is possible that the iterative process is diverging.
 It is possible that the system is in resonace at 5 harmonic order.
***********************************************************************************************

                 BRANCH CURRENTS MAGNITUDES IN AMPERES FOR EACH HARMONIC

| Branch |Phase|                                 Harmonic Order                                |
|   No   |     |        1      |        2      |        3      |        4      |        5      |

           A       8.9970e+01      0.0000e+00      1.7461e+00      0.0000e+00      2.7616e+39
   1       B       1.3012e+02      0.0000e+00      1.3230e+00      0.0000e+00      2.3637e+39
           C       9.9463e+01      0.0000e+00      3.7679e 01      0.0000e+00      2.3794e+39

           A       8.9970e+01      0.0000e+00      1.7461e+00      0.0000e+00      2.7616e+39
   2       B       1.3012e+02      0.0000e+00      1.3230e+00      0.0000e+00      2.3637e+39
           C       9.9463e+01      0.0000e+00      3.7679e 01      0.0000e+00      2.3794e+39

           A       2.6969e+02      0.0000e+00      5.2341e+00      0.0000e+00      8.2783e+39
   3       B       3.9006e+02      0.0000e+00      3.9659e+00      0.0000e+00      7.0854e+39
           C       2.9815e+02      0.0000e+00      1.1295e+00      0.0000e+00      7.1325e+39

           A       2.6969e+02      0.0000e+00      5.2341e+00      0.0000e+00      8.2783e+39
   4       B       3.9006e+02      0.0000e+00      3.9659e+00      0.0000e+00      7.0854e+39
           C       2.9815e+02      0.0000e+00      1.1295e+00      0.0000e+00      7.1325e+39

*****************************************************************************

                                BRANCH LOSSES  

| Branch |  Branch   |      Phase A     |      Phase B      |      Phase C      |
|   No   |   IEEE    |   kW   |  Degree |    kW   |  Degree |    kW   |  Degree |

    1       0  1     0.0000     0.0000     0.0000  

    2        1    2    1.3532     2.7102     0.2186  

    3        2    3    5.6703    11.5432     3.1411  

    4        3    4    1.6915     3.3877     0.2733  

***********************************************************************************************

                   BUS VOLTAGES MAGNITUDES IN P.U. FOR EACH HARMONIC

| Bus |  Phase  |                                Harmonic Order                                |
|  No |         |       1      |        2      |        3      |        4      |        5      |

           A       1.0000e+00      0.0000e+00      0.0000e+00      0.0000e+00      0.0000e+00
   1       B       1.0000e+00      0.0000e+00      0.0000e+00      0.0000e+00      0.0000e+00
           C       1.0000e+00      0.0000e+00      0.0000e+00      0.0000e+00      0.0000e+00

           A       9.9754e 01      0.0000e+00      4.0542e 04      0.0000e+00      3.0574e+37
   2       B       9.9504e 01      0.0000e+00      2.2976e 04      0.0000e+00      2.9174e+37
           C       9.9890e 01      0.0000e+00      1.5035e 05      0.0000e+00      2.7498e+37

           A       9.8155e 01      0.0000e+00      1.4757e 03      0.0000e+00      1.1129e+38
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   3       B       9.6469e 01      0.0000e+00      8.3631e 04      0.0000e+00      1.0619e+38
           C       9.8911e 01      0.0000e+00      5.4728e 05      0.0000e+00      1.0009e+38

           A       9.7849e 01      0.0000e+00      1.9825e 03      0.0000e+00      1.4951e+38
   4       B       9.5862e 01      0.0000e+00      1.1235e 03      0.0000e+00      1.4266e+38
           C       9.8794e 01      0.0000e+00      7.3522e 05      0.0000e+00      1.3446e+38

**********************************************

             THD AT EACH NODE 

| Bus |                 THD  (%)             |
|  No |  Phase A   |   Phase B   |  Phase C  |

   1     0.0000e+00    0.0000e+00   0.0000e+00

   2     3.0650e+39    2.9319e+39   2.7528e+39

   3     1.1338e+40    1.1008e+40   1.0119e+40

   4     1.5280e+40    1.4882e+40   1.3611e+40

 
+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*
+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*
 
 WARNING: 
          Method reached the maximun number of for harmonic order # 5. 
          It is possible that the iterative process is diverging for that harmonic order. 
          It is possible that the system is in resonace at 5 harmonic order. 
 
+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*
+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*
 
 Results showing bellow are without taking account of the harmonic orders: 5 ; 
 
 
**********************************************

             THD AT EACH NODE 

| Bus |                 THD  (%)             |
|  No |  Phase A   |   Phase B   |  Phase C  |

   1     0.0000e+00    0.0000e+00   0.0000e+00

   2     4.0642e 02    2.3090e 02   1.5052e 03

   3     1.5035e 01    8.6692e 02   5.5331e 03

   4     2.0261e 01    1.1720e 01   7.4420e 03

>> 



Profile Summary

Generated 07-Oct-2010 10:34:34 using cpu time.

Function Name Calls Total Time Self Time* Total Time Plot

(dark band = self time)

method1 1 0.527 s 0.214 s

fundamental_hPQ 1 0.128 s 0.057 s

results_it 9 0.107 s 0.078 s

genHA 9 0.036 s 0.021 s

angle 309 0.036 s 0.036 s

results_h 4 0.028 s 0.021 s

genZ_h 1 0.021 s 0.021 s

cell2mat 71 0.021 s 0.021 s

total_res 1 0.021 s 0.021 s

inputs_c 1 0.007 s 0.007 s

carson 1 0.007 s 0.007 s

kron 4 0.007 s 0.007 s

genA_h 1 0.007 s 0.007 s

HlineC 4 0.007 s 0.007 s

configurations_h 1 0 s 0.000 s

input_LINES 1 0 s 0.000 s

HZSaux 9 0 s 0.000 s

mat2cell 3 0 s 0.000 s

pinv 5 0 s 0.000 s

Self time is the time spent in a function excluding the time spent in its child functions.

Self time also includes overhead resulting from the process of profiling.
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*************************************************************************************

             SHUNT CAPACITORS CURRENTS AT HARMONIC ORDER # 1 

| Bus | Bus Name  |        Phase A       |        Phase B      |      Phase C        |
|  No |   IEEE    |    pu     |  Degree  |     pu    |  Degree |    pu     |  Degree |

   4         4      9.7849e 02   88.8086   9.5864e 02  32.1917  9.8794e 02  152.3799

********************************************************************************************************
****

                                    LOADS CURRENTS AT HARMONIC ORDER # 1 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    pu           Degree  |        pu             Degree  |        pu            Degree  
| 

   4         4     6.8557e 01    27.7565        9.8410e 01      154.1971       7.3690e 01      
101.6747 

********************************************************************************************************
****

                                   BUS VOLTAGES AT HARMONIC ORDER # 1 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    pu           Degree  |        pu             Degree  |        pu            Degree  
| 

   1         1     1.0000e+00      0.0000        1.0000e+00      120.0000       1.0000e+00      
120.0000

   2         2     9.9754e 01     0.0375        9.9504e 01      120.1698       9.9890e 01      
119.7586

   3         3     9.8155e 01     1.1400        9.6469e 01      121.9589       9.8911e 01      
117.9278

   4         4     9.7849e 01     1.1913        9.5862e 01      122.1918       9.8794e 01      
117.6199

********************************************************************************************

                     BRANCH CURRENTS AT HARMONIC ORDER # 1 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    269.6945  19.9913   390.0566      149.2191       298.1491   109.2977

      2        1    2   89.9703  19.9913   130.1231    149.2191        99.4627  109.2977

      3        2    3  269.6945  19.9913   390.0566    149.2191       298.1491  109.2977

      4        3    4  269.6945  19.9913   390.0566    149.2191       298.1491  109.2977

*****************************************************************************

                            BRANCH LOSSES AT HARMONIC ORDER # 1 

| Branch |  Branch   |      Phase A     |      Phase B      |      Phase C      |
|   No   |   IEEE    |   kW   |  Degree |    kW   |  Degree |    kW   |  Degree |

    1       0  1     0.0000     0.0000     0.0000  

    2        1    2    1.3532     2.7102     0.2186  

    3        2    3    5.6703    11.5432     3.1411  

    4        3    4    1.6915     3.3877     0.2733  

*********************************************************************
                HARMONIC ORDER # 1 
*********************************************************************

|No of ITERATIONS MADE                                   |     4   |

*********************************************************************



1 0 / 1 0 / 1 0 10:50 AM MATLAB Command Window 2 of 8

|ACTIVE POWER LOSSES IN PHASE A (kW)                     |   8.7150 |
| | |
|ACTIVE POWER LOSSES IN PHASE B (kW)                     |  17.6411 |
| | |
|ACTIVE POWER LOSSES IN PHASE C (kW)                     |   3.6330 |
| | |
|TOTAL ACTIVE POWER LOSSES IN THE SYSTEM (kW)            |  29.9890 |

*********************************************************************
 
 Harmonic Order # 2
Convergence criterium: Zl*Ys < 1 ?
 
ZY =
 
   0.049874120370321   0.031514435853938   0.019738106147352
   0.022042583410433   0.069578149101420   0.021528565775664
   0.017268691035559   0.026926848126409   0.056405118399338
 
 
 Convergence crterium reached. Method should convergence for armonic 2 will be posible
*************************************************************************************

             SHUNT CAPACITORS CURRENTS AT HARMONIC ORDER # 2 

| Bus | Bus Name  |        Phase A       |        Phase B      |      Phase C        |
|  No |   IEEE    |    pu     |  Degree  |     pu    |  Degree |    pu     |  Degree |

   4         4      0.0000e+00    0.0000   0.0000e+00    0.0000  0.0000e+00    0.0000

********************************************************************************************************
****

                                    LOADS CURRENTS AT HARMONIC ORDER # 2 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    pu           Degree  |        pu             Degree  |        pu            Degree  
| 

   4         4     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000 

********************************************************************************************************
****

                                   BUS VOLTAGES AT HARMONIC ORDER # 2 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    pu           Degree  |        pu             Degree  |        pu            Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   3         3     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   4         4     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

********************************************************************************************

                     BRANCH CURRENTS AT HARMONIC ORDER # 2 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1      0.0000    0.0000     0.0000        0.0000          0.0000     0.0000

      2        1    2    0.0000    0.0000     0.0000      0.0000          0.0000    0.0000

      3        2    3    0.0000    0.0000     0.0000      0.0000          0.0000    0.0000

      4        3    4    0.0000    0.0000     0.0000      0.0000          0.0000    0.0000
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*****************************************************************************

                            BRANCH LOSSES AT HARMONIC ORDER # 2 

| Branch |  Branch   |      Phase A     |      Phase B      |      Phase C      |
|   No   |   IEEE    |   kW   |  Degree |    kW   |  Degree |    kW   |  Degree |

    1       0  1     0.0000     0.0000     0.0000  

    2        1    2    0.0000     0.0000     0.0000  

    3        2    3    0.0000     0.0000     0.0000  

    4        3    4    0.0000     0.0000     0.0000  

*********************************************************************
                HARMONIC ORDER # 2 
*********************************************************************

|No of ITERATIONS MADE                                   |     1   |

*********************************************************************

|ACTIVE POWER LOSSES IN PHASE A (kW)                     |   0.0000 |
| | |
|ACTIVE POWER LOSSES IN PHASE B (kW)                     |   0.0000 |
| | |
|ACTIVE POWER LOSSES IN PHASE C (kW)                     |   0.0000 |
| | |
|TOTAL ACTIVE POWER LOSSES IN THE SYSTEM (kW)            |   0.0000 |

*********************************************************************
 
 Harmonic Order # 3
Convergence criterium: Zl*Ys < 1 ?
 
ZY =
 
   0.150788339978876   0.095763974340612   0.059683473613435
   0.067582351620598   0.207092352740909   0.065525808593978
   0.051650932729401   0.080340917642355   0.171920200081123
 
 
 Convergence crterium reached. Method should convergence for armonic 3 will be posible
*************************************************************************************

             SHUNT CAPACITORS CURRENTS AT HARMONIC ORDER # 3 

| Bus | Bus Name  |        Phase A       |        Phase B      |      Phase C        |
|  No |   IEEE    |    pu     |  Degree  |     pu    |  Degree |    pu     |  Degree |

   4         4      2.0200e 04  102.6392   1.1834e 04  147.6053  6.5372e 06  113.5875

********************************************************************************************************
****

                                    LOADS CURRENTS AT HARMONIC ORDER # 3 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    pu           Degree  |        pu             Degree  |        pu            Degree  
| 

   4         4     1.2389e 02    78.8630        9.4276e 03      133.5158        2.6969e 03       
45.3092 

********************************************************************************************************
****

                                   BUS VOLTAGES AT HARMONIC ORDER # 3 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    pu           Degree  |        pu             Degree  |        pu            Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     4.0571e 04    168.8591        2.3137e 04       55.8565        1.4673e 05      
16.2037

   3         3     1.4768e 03    168.8591        8.4220e 04       55.8565        5.3409e 05      
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16.2037

   4         4     1.9839e 03    168.8591        1.1314e 03       55.8565        7.1751e 05      
16.2037

********************************************************************************************

                     BRANCH CURRENTS AT HARMONIC ORDER # 3 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1      5.2352  79.2342     3.9731      133.6888          1.1239    45.4381

      2        1    2    1.7465  79.2342     1.3254    133.6888          0.3749   45.4381

      3        2    3    5.2352  79.2342     3.9731    133.6888          1.1239   45.4381

      4        3    4    5.2352  79.2342     3.9731    133.6888          1.1239   45.4381

*****************************************************************************

                            BRANCH LOSSES AT HARMONIC ORDER # 3 

| Branch |  Branch   |      Phase A     |      Phase B      |      Phase C      |
|   No   |   IEEE    |   kW   |  Degree |    kW   |  Degree |    kW   |  Degree |

    1       0  1     0.0000    0.0000     0.0000  

    2        1    2    0.0019    0.0005    0.0000  

    3        2    3    0.0050    0.0012    0.0000  

    4        3    4    0.0024    0.0006    0.0000  

*********************************************************************
                HARMONIC ORDER # 3 
*********************************************************************

|No of ITERATIONS MADE                                   |     3   |

*********************************************************************

|ACTIVE POWER LOSSES IN PHASE A (kW)                     |   0.0093 |
| | |
|ACTIVE POWER LOSSES IN PHASE B (kW)                     |  0.0023 |
| | |
|ACTIVE POWER LOSSES IN PHASE C (kW)                     |   0.0000 |
| | |
|TOTAL ACTIVE POWER LOSSES IN THE SYSTEM (kW)            |   0.0070 |

*********************************************************************
 
 Harmonic Order # 4
Convergence criterium: Zl*Ys < 1 ?
 
ZY =
 
   0.637616830025859   0.404116438251788   0.250356029223367
   0.286147999742046   0.871832914120840   0.276402088367958
   0.215819432220380   0.336430657496545   0.729515770761282
 
 
 Convergence crterium reached. Method should convergence for armonic 4 will be posible
*************************************************************************************

             SHUNT CAPACITORS CURRENTS AT HARMONIC ORDER # 4 

| Bus | Bus Name  |        Phase A       |        Phase B      |      Phase C        |
|  No |   IEEE    |    pu     |  Degree  |     pu    |  Degree |    pu     |  Degree |

   4         4      0.0000e+00    0.0000   0.0000e+00    0.0000  0.0000e+00    0.0000

********************************************************************************************************
****

                                    LOADS CURRENTS AT HARMONIC ORDER # 4 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    pu           Degree  |        pu             Degree  |        pu            Degree  
| 

   4         4     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000 
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********************************************************************************************************
****

                                   BUS VOLTAGES AT HARMONIC ORDER # 4 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    pu           Degree  |        pu             Degree  |        pu            Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   3         3     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   4         4     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

********************************************************************************************

                     BRANCH CURRENTS AT HARMONIC ORDER # 4 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1      0.0000    0.0000     0.0000        0.0000          0.0000     0.0000

      2        1    2    0.0000    0.0000     0.0000      0.0000          0.0000    0.0000

      3        2    3    0.0000    0.0000     0.0000      0.0000          0.0000    0.0000

      4        3    4    0.0000    0.0000     0.0000      0.0000          0.0000    0.0000

*****************************************************************************

                            BRANCH LOSSES AT HARMONIC ORDER # 4 

| Branch |  Branch   |      Phase A     |      Phase B      |      Phase C      |
|   No   |   IEEE    |   kW   |  Degree |    kW   |  Degree |    kW   |  Degree |

    1       0  1     0.0000     0.0000     0.0000  

    2        1    2    0.0000     0.0000     0.0000  

    3        2    3    0.0000     0.0000     0.0000  

    4        3    4    0.0000     0.0000     0.0000  

*********************************************************************
                HARMONIC ORDER # 4 
*********************************************************************

|No of ITERATIONS MADE                                   |     1   |

*********************************************************************

|ACTIVE POWER LOSSES IN PHASE A (kW)                     |   0.0000 |
| | |
|ACTIVE POWER LOSSES IN PHASE B (kW)                     |   0.0000 |
| | |
|ACTIVE POWER LOSSES IN PHASE C (kW)                     |   0.0000 |
| | |
|TOTAL ACTIVE POWER LOSSES IN THE SYSTEM (kW)            |   0.0000 |

*********************************************************************
 
 Harmonic Order # 5
Convergence criterium: Zl*Ys < 1 ?
 
ZY =
 
   3.414563871589917   2.157647297127712   1.337316128010484
   1.530167251047231   4.661842319637738   1.478616300543190
   1.150707338285221   1.793612286832283   3.914052552500547
 
Convergence criterium not reached. Method convergence for armonic 5 will be not guaranteed
WARNING: maximun number of iteration have been reached. 
 It is possible that the iterative process is diverging.
 It is possible that the system is in resonace at 5 harmonic order.
*************************************************************************************
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             SHUNT CAPACITORS CURRENTS AT HARMONIC ORDER # 5 

| Bus | Bus Name  |        Phase A       |        Phase B      |      Phase C        |
|  No |   IEEE    |    pu     |  Degree  |     pu    |  Degree |    pu     |  Degree |

   4         4      4.4657e+21   97.0974   5.1623e+21   95.0885  4.3737e+21   97.9863

********************************************************************************************************
****

                                    LOADS CURRENTS AT HARMONIC ORDER # 5 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    pu           Degree  |        pu             Degree  |        pu            Degree  
| 

   4         4     2.0357e+22      1.3868        3.3213e+22       2.0365        2.3183e+22        
4.7159 

********************************************************************************************************
****

                                   BUS VOLTAGES AT HARMONIC ORDER # 5 

| Bus | Bus Name |         Phase A         |              Phase B          |               Phase C        
| 
|  No |   IEEE   |    pu           Degree  |        pu             Degree  |        pu            Degree  
| 

   1         1     0.0000e+00      0.0000        0.0000e+00        0.0000        0.0000e+00        
0.0000

   2         2     3.9467e+22    79.4369        4.5623e+22      81.4459        3.8653e+22      
78.5480

   3         3     1.4366e+23    79.4369        1.6607e+23      81.4459        1.4070e+23      
78.5480

   4         4     1.9299e+23    79.4369        2.2310e+23      81.4459        1.8901e+23      
78.5480

********************************************************************************************

                     BRANCH CURRENTS AT HARMONIC ORDER # 5 

| Branch |  Branch   |        Phase A     |         Phase B        |         Phase C        |
|   No   |   IEEE    |    A     |  Degree |     A     |  Degree    |      A      |  Degree  |

    1        0  1    8494895974431228631711744.0000   13.9661   13728541519499055591325696.0000          
6.9008        9720166977624446647402496.0000    15.4959

      2        1    2  2833902746883232687456256.0000   13.9661   4579850258309227948802048.0000         
6.9008        3242653939608475727298560.0000   15.4959

      3        2    3  8494895974431228631711744.0000   13.9661   13728541519499055591325696.0000        
6.9008        9720166977624446647402496.0000   15.4959

      4        3    4  8494895974431228631711744.0000   13.9661   13728541519499055591325696.0000        
6.9008        9720166977624446647402496.0000   15.4959

*****************************************************************************

                            BRANCH LOSSES AT HARMONIC ORDER # 5 

| Branch |  Branch   |      Phase A     |      Phase B      |      Phase C      |
|   No   |   IEEE    |   kW   |  Degree |    kW   |  Degree |    kW   |  Degree |

    1       0  1     0.0000     0.0000     0.0000  

    2        1    2  47797794437659545514724407014202332690306301952.0000   
43403171690899615140642631256957399640324440064.0000   

63636659880609095350484466796006952705705639936.0000  

    3        2    3  126186176911625419214757368457905025073511661568.0000   
114584372897304927126533034316786604970854055936.0000   

168000781547205516490477741879811542054076416000.0000  

    4        3    4  59747243047074426822803107854835309876070055936.0000   
54253964613624534137610491809949567510844014592.0000   

79545824850761270311358765693115374139282030592.0000  
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*********************************************************************
                HARMONIC ORDER # 5 
*********************************************************************

|No of ITERATIONS MADE                                   |     30   |

*********************************************************************

|ACTIVE POWER LOSSES IN PHASE A (kW)                     | 
233731214396359401693489685152777879613513662464.0000 |
| | |
|ACTIVE POWER LOSSES IN PHASE B (kW)                     | 
212241509201829096687195761035363996069273796608.0000 |

| | |
|ACTIVE POWER LOSSES IN PHASE C (kW)                     |   0.0000 |
| | |
|TOTAL ACTIVE POWER LOSSES IN THE SYSTEM (kW)            | 
21489705194530305006293924117413883544239865856.0000 |

*********************************************************************
WARNING: maximun number of iteration have been reached. 
 It is possible that the iterative process is diverging.
 It is possible that the system is in resonace at 5 harmonic order.
***********************************************************************************************

                 BRANCH CURRENTS MAGNITUDES IN AMPERES FOR EACH HARMONIC

| Branch |Phase|                                 Harmonic Order                                |
|   No   |     |        1      |        2      |        3      |        4      |        5      |

           A       8.9970e+01      0.0000e+00      1.7465e+00      0.0000e+00      2.8339e+24
   1       B       1.3012e+02      0.0000e+00      1.3254e+00      0.0000e+00      4.5799e+24
           C       9.9463e+01      0.0000e+00      3.7493e 01      0.0000e+00      3.2427e+24

           A       8.9970e+01      0.0000e+00      1.7465e+00      0.0000e+00      2.8339e+24
   2       B       1.3012e+02      0.0000e+00      1.3254e+00      0.0000e+00      4.5799e+24
           C       9.9463e+01      0.0000e+00      3.7493e 01      0.0000e+00      3.2427e+24

           A       2.6969e+02      0.0000e+00      5.2352e+00      0.0000e+00      8.4949e+24
   3       B       3.9006e+02      0.0000e+00      3.9731e+00      0.0000e+00      1.3729e+25
           C       2.9815e+02      0.0000e+00      1.1239e+00      0.0000e+00      9.7202e+24

           A       2.6969e+02      0.0000e+00      5.2352e+00      0.0000e+00      8.4949e+24
   4       B       3.9006e+02      0.0000e+00      3.9731e+00      0.0000e+00      1.3729e+25
           C       2.9815e+02      0.0000e+00      1.1239e+00      0.0000e+00      9.7202e+24

*****************************************************************************

                                BRANCH LOSSES  

| Branch |  Branch   |      Phase A     |      Phase B      |      Phase C      |
|   No   |   IEEE    |   kW   |  Degree |    kW   |  Degree |    kW   |  Degree |

    1       0  1     0.0000     0.0000     0.0000  

    2        1    2    1.3532     2.7102     0.2186  

    3        2    3    5.6703    11.5432     3.1411  

    4        3    4    1.6915     3.3877     0.2733  

***********************************************************************************************

                   BUS VOLTAGES MAGNITUDES IN P.U. FOR EACH HARMONIC

| Bus |  Phase  |                                Harmonic Order                                |
|  No |         |       1      |        2      |        3      |        4      |        5      |

           A       1.0000e+00      0.0000e+00      0.0000e+00      0.0000e+00      0.0000e+00
   1       B       1.0000e+00      0.0000e+00      0.0000e+00      0.0000e+00      0.0000e+00
           C       1.0000e+00      0.0000e+00      0.0000e+00      0.0000e+00      0.0000e+00

           A       9.9754e 01      0.0000e+00      4.0571e 04      0.0000e+00      3.9467e+22
   2       B       9.9504e 01      0.0000e+00      2.3137e 04      0.0000e+00      4.5623e+22
           C       9.9890e 01      0.0000e+00      1.4673e 05      0.0000e+00      3.8653e+22

           A       9.8155e 01      0.0000e+00      1.4768e 03      0.0000e+00      1.4366e+23
   3       B       9.6469e 01      0.0000e+00      8.4220e 04      0.0000e+00      1.6607e+23
           C       9.8911e 01      0.0000e+00      5.3409e 05      0.0000e+00      1.4070e+23

           A       9.7849e 01      0.0000e+00      1.9839e 03      0.0000e+00      1.9299e+23
   4       B       9.5862e 01      0.0000e+00      1.1314e 03      0.0000e+00      2.2310e+23
           C       9.8794e 01      0.0000e+00      7.1751e 05      0.0000e+00      1.8901e+23

**********************************************

             THD AT EACH NODE 

| Bus |                 THD  (%)             |
|  No |  Phase A   |   Phase B   |  Phase C  |
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   1     0.0000e+00    0.0000e+00   0.0000e+00

   2     3.9564e+24    4.5851e+24   3.8696e+24

   3     1.4636e+25    1.7215e+25   1.4225e+25

   4     1.9723e+25    2.3273e+25   1.9132e+25

 
+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*
+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*
 
 WARNING: 
          Method reached the maximun number of for harmonic order # 5. 
          It is possible that the iterative process is diverging for that harmonic order. 
          It is possible that the system is in resonace at 5 harmonic order. 
 
+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*
+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*+*
 
 Results showing bellow are without taking account of the harmonic orders: 5 ; 
 
 
**********************************************

             THD AT EACH NODE 

| Bus |                 THD  (%)             |
|  No |  Phase A   |   Phase B   |  Phase C  |

   1     0.0000e+00    0.0000e+00   0.0000e+00

   2     4.0671e 02    2.3253e 02   1.4689e 03

   3     1.5045e 01    8.7303e 02   5.3997e 03

   4     2.0275e 01    1.1803e 01   7.2627e 03

>> 



Profile Summary

Generated 07-Oct-2010 10:34:34 using cpu time.

Function Name Calls Total Time Self Time* Total Time Plot

(dark band = self time)

method1 1 0.527 s 0.214 s

fundamental_hPQ 1 0.128 s 0.057 s

results_it 9 0.107 s 0.078 s

genHA 9 0.036 s 0.021 s

angle 309 0.036 s 0.036 s

results_h 4 0.028 s 0.021 s

genZ_h 1 0.021 s 0.021 s

cell2mat 71 0.021 s 0.021 s

total_res 1 0.021 s 0.021 s

inputs_c 1 0.007 s 0.007 s

carson 1 0.007 s 0.007 s

kron 4 0.007 s 0.007 s

genA_h 1 0.007 s 0.007 s

HlineC 4 0.007 s 0.007 s

configurations_h 1 0 s 0.000 s

input_LINES 1 0 s 0.000 s

HZSaux 9 0 s 0.000 s

mat2cell 3 0 s 0.000 s

pinv 5 0 s 0.000 s

Self time is the time spent in a function excluding the time spent in its child functions.

Self time also includes overhead resulting from the process of profiling.



B – Power Flow Results

B.3 Fundamental Power Flow Results for Weakly Meshed
Network
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*****************************************
BSF Iteration= 5 / Meshed Iteration= 1 
 
*****************************************
**********************************

          LOADS CURRENTS

| Bus |           Phase A        | 
|  No |       pu      |  Degree  | 

   2       2.4778e 01    17.7408 

   4       4.3847e 01     2.2913 

   4       2.4413e 01    35.2379 

   5       2.0855e 01    20.3587 

   6       1.4349e 01    23.3909 

   7       2.1169e 01    20.2120 

   7       0.0000e+00      0.0000 

   5       0.0000e+00      0.0000 

*******************************

      BRANCH CURRENTS

| Branch |        Phase A     |
|   No   |    A     |  Degree |

      1     610.2867  17.3093 

      2     463.0173  15.9902 

      3     147.7955  21.4638 

      4     273.5017  13.9503 

      5      86.8296  20.3551 

      6      59.7429  23.3857 

      7      88.1313  20.2002 

*************************************

           BUS VOLTAGES 

| Bus |           Phase A           | 
|  No |      pu      |   Degree     | 

   1       1.0000e+00      0.0000 

   2       9.7387e 01     0.1318 

   3       9.6651e 01      0.0199 

   4       9.5849e 01     0.2459 

   5       9.7091e 01     0.1339 

   6       9.6448e 01      0.0252 

   7       9.5652e 01      0.0129 

*****************************************
BSF Iteration= 5 / Meshed Iteration= 2 
 
*****************************************
**********************************

          LOADS CURRENTS

| Bus |           Phase A        | 
|  No |       pu      |  Degree  | 

   2       2.4828e 01    17.7228 

   4       4.3937e 01     2.2739 

   4       2.4413e 01    35.2205 

   5       2.0922e 01    20.3293 

   6       1.4232e 01    23.4648 
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   7       2.0910e 01    20.3238 

   7       8.1450e 02    149.3185 

   5       8.1450e 02    30.6815 

*******************************

      BRANCH CURRENTS

| Branch |        Phase A     |
|   No   |    A     |  Degree |

      1     609.5506  17.2997 

      2     496.7391  16.9568 

      3     112.8759  18.8336 

      4     273.8684  13.9171 

      5     120.6209  23.2226 

      6      59.2549  23.4596 

      7      54.0412  13.8259 

*************************************

           BUS VOLTAGES 

| Bus |           Phase A           | 
|  No |      pu      |   Degree     | 

   1       1.0000e+00      0.0000 

   2       9.7192e 01     0.1138 

   3       9.7444e 01     0.0540 

   4       9.5653e 01     0.2285 

   5       9.6783e 01     0.1044 

   6       9.7242e 01     0.0488 

   7       9.6836e 01     0.0989 

*****************************************
BSF Iteration= 4 / Meshed Iteration= 3 
 
*****************************************
**********************************

          LOADS CURRENTS

| Bus |           Phase A        | 
|  No |       pu      |  Degree  | 

   2       2.4826e 01    17.7221 

   4       4.3933e 01     2.2732 

   4       2.4413e 01    35.2198 

   5       2.0919e 01    20.3281 

   6       1.4237e 01    23.4676 

   7       2.0919e 01    20.3279 

   7       7.8615e 02    148.5790 

   5       7.8615e 02    31.4210 

*******************************

      BRANCH CURRENTS

| Branch |        Phase A     |
|   No   |    A     |  Degree |

      1     609.5755  17.3006 

      2     495.4582  16.9713 

      3     114.1773  18.7539 
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      4     273.8548  13.9170 

      5     119.3829  23.3493 

      6      59.2728  23.4623 

      7      55.3343  13.7736 

*************************************

           BUS VOLTAGES 

| Bus |           Phase A           | 
|  No |      pu      |   Degree     | 

   1       1.0000e+00      0.0000 

   2       9.7200e 01     0.1131 

   3       9.7414e 01     0.0567 

   4       9.5660e 01     0.2278 

   5       9.6794e 01     0.1033 

   6       9.7213e 01     0.0515 

   7       9.6792e 01     0.1031 

*****************************************
BSF Iteration= 3 / Meshed Iteration= 4 
 
*****************************************
**********************************

          LOADS CURRENTS

| Bus |           Phase A        | 
|  No |       pu      |  Degree  | 

   2       2.4826e 01    17.7221 

   4       4.3934e 01     2.2731 

   4       2.4413e 01    35.2197 

   5       2.0919e 01    20.3281 

   6       1.4236e 01    23.4677 

   7       2.0919e 01    20.3281 

   7       7.8725e 02    148.5815 

   5       7.8725e 02    31.4185 

*******************************

      BRANCH CURRENTS

| Branch |        Phase A     |
|   No   |    A     |  Degree |

      1     609.5747  17.3006 

      2     495.5040  16.9724 

      3     114.1304  18.7497 

      4     273.8553  13.9169 

      5     119.4288  23.3517 

      6      59.2722  23.4624 

      7      55.2889  13.7607 

*************************************

           BUS VOLTAGES 

| Bus |           Phase A           | 
|  No |      pu      |   Degree     | 

   1       1.0000e+00      0.0000 

   2       9.7199e 01     0.1131 

   3       9.7415e 01     0.0568 
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   4       9.5660e 01     0.2277 

   5       9.6794e 01     0.1032 

   6       9.7214e 01     0.0516 

   7       9.6794e 01     0.1032 

*********************************************************************
                HARMONIC ORDER # 1 
*********************************************************************

|No of ITERATIONS OF THE MESHED CYCLE                  |     4   |

|No of ITERATIONS OF THE  BFS CYCLE  FOR EACH MESHED CYCLE       |

|                                                      |    4    |

|                                                      |    4    |

|                                                      |    3    |

|                                                      |    2    |

>> 



Bibliography

[1] J. Arrillaga, C. P. Arnold, and B. J. Harker, Computer Modelling of Electrical
Power Systems. London: John Wiley & Sons, 1983.

[2] J. Arrillaga, E. Acha, T. Densem, and P. Bodger, “Ineffectiveness of transmis-
sion line transpositions at harmonic frequencies,” Generation, Transmission
and Distribution, IEE Proceedings C, vol. 133, p. 99, march 1986.

[3] J. Arrillaga and N. R. Watson, Power System Harmonics. John Wiley & Sons,
2nd ed., 2003.

[4] J. Arrillaga, B. C. Smith, N. R. Watson, and A. R. Wood, Power System Har-
monic Analysis. John Wiley & Sons, 1997.

[5] G. Bathurst, N. Watson, and J. Arrillaga, “A harmonic domain solution for
systems with multiple high-power ac/dc converters,” Generation, Transmission
and Distribution, IEE Proceedings-, vol. 148, pp. 312 –318, jul. 2001.

[6] J. Bergeal and L. Moller, “Influence of load characteristic on the popagation of
disturbances,” Proceedings of CIRED Conference, 1981.

[7] E. Bompard, E. Carpaneto, G. Chicco, and R. Napoli, “Convergence of the
backward/forward sweep method for the load-flow analysis of radial distribu-
tion systems,” International Journal of Electrical Power & Energy Systems,
vol. 22, no. 7, pp. 521 – 530, 2000.

[8] J. R. Carson, “Wave propagation in overhead wires with ground return,” Bell
Systems Technical Journal, vol. 5, pp. 539–554, 1926.

[9] M.-S. Chen and W. Dillon, “Power system modeling,” Proceedings of the
IEEE, vol. 62, pp. 901–915, July 1974.

[10] T.-H. Chen, M.-S. Chen, K.-J. Hwang, P. Kotas, and E. Chebli, “Distribution
system power flow analysis-a rigid approach,” Power Delivery, IEEE Transac-
tions on, vol. 6, pp. 1146 –1152, jul 1991.

[11] Y. Chen, Q. Chang, L. Qian, and N. Ma, “Studies on the sequence circuits of
harmonics in three-phase power system,” vol. 2, pp. 1243 –1248 vol.2, 2000.

[12] C. S. Cheng and D. Shirmohammadi, “A three-phase power flow method for
real-time distribution system analysis,” IEEE Transactions on Powerd Systems,
vol. 10, May 1995.

175



Bibliography

[13] R. Chu and J. Burns, “Impact of cycloconverter harmonics,” Industry Applica-
tions, IEEE Transactions on, vol. 25, pp. 427 –435, may. 1989.

[14] J. C. Das, Power System Analysis. Short-Circuit Load Flow and Harmonics.
New York: Marcel Bekker, Inc., 2002.

[15] R. C. Dugan, M. F. McGranahan, S. Santoso, and H. Wayne Beaty, Electrical
Power System Quality. McGraw-Hill, 2nd ed., 2002.

[16] P. Famuori and W. Cawthorne, “Power system harmonics,” Wiley Encyclopedia
of Electrical and Electronics Engineering, December 1999.
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